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1. DEHN TWwISTS ABOUT BOUNDING PAIRS

1.

° T71 oo = o p1+ Broa

Qa9 — (g 52 = /82

Qa3 — Q3 53 = /83
o T, : a1+ ajtfas, B3] taulas, Bs)ar B = Pilas, Bslon

a9 — (g . 62 = /62 1

az — ap ' as, B3] as[as, B3laa B3 — ay [as, B3] Bs[as, Bslan
o T 1 an [, Bslanfas, B3] B — Brag Has, )7

ag — |ag, Bslanaza; s, B3] 7! Bs — [as, Bsla1Baay Has, B!
o T, ol b oy [, Bslanfas, B3] 81— Bilas, B3]

a9 = Q9 . /82 — 62 L
as > [as, Bslonaza; Has, B3] 7! Bs = [as, Bsla1Bsaq Has, Bs) !
1.1. Fixed Point Equations for (T71 o T,Y;l)*.
L. L. s
e On R(E, G) A [Ag, Bg]Al[Ag, Bg]_l By — By [Ag, Bg]_l
AQ — AQ By — By
A3 — [Ag, Bg]AlAgAl_l[Ag, Bg]_l Bg — [Ag, Bg]AlBgAl_l[Ag, Bg]_l
e OnR(X,G)/G: T YA|T s [A3, B3]A1[A3, B3]~} T~ BT — By[A3, B3]~}
T YAT — Ay T 'ByT +— By
T_1A3T — [Ag, Bg]AlAgAfl [Ag, Bg]_l T_lBgT — [Ag, Bg]AlBgAfl [Ag, Bg]_l
1.2. Checking Relation.
L . s

[a1, Bron] [ag, Ba] [, B3]
arfrona; oy BT ag, Ba] [as, Bs]

arfrag ! B [as, Bo] [as, B3]
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o Ty,
(a7 [as, B3] o[, Bs)an, Bilas, 53]041] (a2, Bo]ay Hevs, B3] [as. Bs] [as, Bslen

ay Has, B3] tanas, Bslea Bilas, Bslaray Has, 8] tag Has, Bslanay Has, B3] BT e, B2 g Has, Bslar
ay Has, B3] Laifas, Bslan Brag By e, Ba) [, Bs][as. 35 ey Has, Bslan
ap Has, B3] tanas, B3] o, 1 (oo ] (o 35 s, B3] ey Has, Bslen
ay as, Bs]anfag, Bs)[as, B3] oy Has, Bslan

—1.
oT72 :

([as, Bslan s, Bs] ™Y, Brag Has, B3]~ [ao, Ba] [as, Bslon [as, Bs] oy Has, B3] !
s, Bslan[as, B3] 7' Brag Has, B3] Has, Bslay Has, B3] as, Bs]a1 Byt ez, B2 [as, B3] an[as, Bslay H[as, Bs]
[043,53]061[043,[33]_1“]1” Bray By e, Ba] [as, Bs] an [as, Bslay Has, Bs]
[as, Bslan[as, B3] oy tar Bray ' B! [ao, Bo] [es, B3] an[as, Bslag ! [03753] !
[as, Bs)ai[as, Bs] " tagt o 5“(\) %) Lo 35 en[as, Bslag Has, Bs] 7!

las, Bs)ai[as, B3] Loy tar[as, Bslag Has, Bs)

o T, OTA/_21 :

([ees, Bsla s, Bs] ™Y, Bilas, Bs] 7] [ao, Ba] [as, Bslau [as, Bs] oy Has, Bs] !
[as, B3] [as, B3]~ Bilas, 53]_1[043 Bslay tas, Bs) as, B3]By  [ae, Ba] [043,53]041[043753]041_1[043,53]_1
s, Bslan[as, B3] Lo, o Bray B aw, Bo] [as, B3] an[as, Bslag Has, B3] !
[as, Bs)ai[as, B5] 7" Oél YarBray ' By e, Ba] [as, Bs] an s, Bslay Has, Bs)
las, Bslan[as, Bs] "ty o g1 ] [an, 5] [as, 35 an e, Bslag Has, Bs] ™

[as, Bslon [as, Bs] oy tan[as, Bslag as, B3]

1.3. Computing Fix(d*).

A; = [As, B3] A1[As, By) ™!
A=A

e B
By = By[A3, B3] *
I =[A3, Bs]™?
I = [As, Bs]
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[ ] A3 :
As = Ay Az ATY
Az = AlAg,Afl
A1Az = A3 Ay
(A, As] =1

Bs = Ay B3 A7!
Bs = A1 B3AT!

A1B3 = B3A4

[A1,Bs] =1

Therefore, with the relations
[As3, B3]

[A1, As]
[A1,Bs] =1

our fixed point set for the map ®* = (T71 ) T%l)* is defined as follows

=1
=17

3
FIX((I)*) = {(Al,Bl,AQ,BQ,Ag,Bg) € SU(2)6 : H [A,L,BZ] = I, [Al,Ag] = [Al,Bg] = [Ag,Bg} = I}

=1

Now let us proceed with the proof that this set is connected.

Proposition 1. Fix(®*) is connected
Proof. With

3
Fix(®*) = {(A1731,A2,B2,A37B3) e su(2)® : H [Ai,Bi] =1, [A1,A3] = [A1,Bs] = [A3,Bs] = I}
i=1
we begin by noting that since [As, B3] = I, then our product of the commutator relation simplifies

to
[A1, Bi] = [A9,Bs] ™"

thus we may express Fix(®*) as follows
Fix(9%) = { (A1, B1, Az, By, A3, By) € SU2) : [Ar, By] = [As, Bo] ", [Av, As] = [Ar, By] = [A3, B] =1}
Now, define
B:= {(A1, B1, A3, Bs) € SU2)* : [A1, A3] = [A1, B3] = [A3,B3] =1}

and consider the map
7 : Fix(®*) — B
given by
(A1, By, Az, By, A3, Bs) — (A1, B1, A3, Bs)

We claim that our map 7 is continuous and surjective. Continuity follows directly from the obser-
vation that 7 is a restriction of the projection map

p:SU2)% — SU(2)*
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and we know projections in the product topology are continuous. Thus it is left to show that = is
a surjection. For this let us take (Al, By, As, Bg) € B. By the definition of B, we have

(A1, A3] =1 [A1,Bs] =1 [As,Bs] =1
Thus our goal is to find an Ay, By € SU(2) such that the 6-tuple (A, By, Ag, Ba, A3, Bs) lies in
Fix(®*). That is
[41,B1] = [A2,Bo]
Define
Ay :=A7' and By:= By,
note that since SU(2) is a group, then Ay, Bo € SU(2). Now, observe that

[A1,Bi] = A1B1AT By = Ay ' By YAsBy = [Ag, Bo] ™

Hence along with the assumed commutation relations in B, it follows that
(Ab B17 A27 B2a A3a B3) € F]X(@*)
and thus
W(Ala By, Ag, B, As, B3) = (Alv By, As, B3)
so 7 is surjective. Now that we have established that 7 is a continuous surjection, let us consider
the fibers of this map. Given a point (Al, By, As, B3) € B, the fiber over this point is defined as
7 (A1, Br, A3, Bs) = {(A1, By, Az, By, A3, B3) € Fix(®*)}

Note that since in Fix(®*) the only relation involving (Ag, Bg) is the product of the commutators,
which we can express as

(A, By] = [A1, By] ™
we may fix (Al, By, As, Bg) € B and define the map
P W_I(Al,Bl,Ag,B;g) — {(AQ,BQ) S SU(2)2 : [AQ,BQ] = [Al,Bl]_l}
given by
(A1, B, Az, By, A3, B3) — (As, B)

Since we fixed our fiber, acting as the domain, by the uniqueness of inverses in SU(2) our map 1) is
well-defined and surjective. Moreover, by this uniqueness property and the fact that we fixed our
Ay, By, A3 and B3 arguments, we must have that the map is injective, thus % is a bijection. Now
we observe that v is a restriction of the projection map

p:SU2)% — SU(2)?
which we know to be continuous as projections in the product topology are continuous, thus 1 is
continuous. Furthermore, ¢! is a restriction of the inclusion map

i:50U(2)? — SU(2)¢
which we know to be continuous as inclusions in the product topology are continuous, thus ¢! is
continuous. Therefore, v is a homeomorphism, that is

7 (A1, Bi, A3, B3) = { (A, Bs) € SU(2)? : [Ag, Bo] = [A1,B1] '}
Importantly, observe that
{(A2,By) € SU(2)? : [Ag, Bs] = [A1, B1] '}

is just a fiber over the commutator map of SU(2) and thus is connected (Goldman, Topolog-
ical Components of Spaces of Representations). Since we have shown that an arbitrary fiber,
7 1(A1, By, A3, B3), is connected, it follows that the fibers of our map 7 are connected. Therefore,
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7 is a continuous, surjective map with connected fibers from our total space Fix(®*) into our de-
fined base space B. So it remains to show that B is connected. For this we begin by examining the
relations in B, observing that

[y, As] = [Ay, Bs] = [A3, B3] =1

implies that A;, A3, B3 all commute. Recall that any two elements of SU(2) commute if and only
if they lie in the same maximal torus, which in SU(2) is conjugate to the subgroup of diagonal
matrices (Brocker and tom Dieck, Representations of Compact Lie Groups, Theorem 1V.2.3). Let
T denote a maximal torus in SU(2),

T= {(e(i)g eoi9> 10 € [0,277)}

Since A1, A3, B3 commute, there exists g € SU(2) such that
gAig~", gAzg™!, gBsg ' €T

This follows from the fact that all maximal tori in SU(2) are conjugate and every element is
contained in some maximal torus (Brocker and tom Dieck, Representations of Compact Lie Groups,
Theorem IV.1.6). Therefore, the set of commuting 3-tuples in SU(2) is

C:= {((Il,ag,bg) € SU(2)3 : [a1,a3) = [ay,b3] = [as, bs] = I}
= {(gtlg_l,gtgg_l,gtgg_l) 1 g € SU(2), t1,ta,t3 € T}
We wish to show that C is connected, in order to do so we define the map
Q:SU@Q)x T3 —¢C
by
(g, (tr,t2,t3)) = (gtrg™", glag™", gtag™).

Observe that the domain of the map, SU? x T3, is connected since SU(2) is connected, T is
connected, and the finite product of connected spaces is connected (Munkres, Topology, Theorem
23.6). Therefore, it suffices to show that 2 is continuous and surjective, as the image of a connected
space under a continuous map is connected (Munkres, Topology, Theorem 23.5). We begin by
verifying the surjectivity of 2. Let (a1, as,bs) € C, then there exists g € SU(2) such that

g tairg, g tasg, g 'b3g € T.

This follows from the fact that all maximal tori in SU(2) are conjugate and every element is
contained in some maximal torus. Now, set

t1 = gilalga o = gflasg, t3 = gilbgg.

Thus, every element of C is in the image of {2 and so the map is sujective. For the continuity of
the map, we note that 2 is defined on group operations, multiplication and inversion, which are
smooth in SU(2), and so the map is continuous. Hence, C is connected. Now, there are no relations
involving Bj in the definition of B, therefore, for any fixed commuting 3-tuple (A1, As, B3), By can
be any element in SU(2). Thus,

B =C x SU(2).
We know that SU(2) is connected and we have just show that C is connected, therefore, since the
finite product of connected spaces is connected, it follows that B is connected. So we have shown
that there is a continuous surjection
7 : Fix(®*) — B

with non-empty, connected fibers. Since every fiber is non-empty and connected, and the base
space B is connected, it follows that Fix(®*) is connected. O
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With the fixed point set corresponding to this first power of ®* done, we now will move on to attempt to classify
higher powers of ®*.

2. COMPUTING POWERS OF @, (n = 2)

o T, 0Tt . ay [, Bslaifas, B3] B1 > Bilas, B3]
9 —r (9 52 = 52
az + [as, B3laraza; Hasg, B3] 7! Bs + [as, Bsla1Bsa; Has, B3] 7!

o T oT oy o Tt ay v [as, Bslonfos, Bslon s, B3] Loy Mo, B3] !
81+ Braalas, B3) " tag Has, B3] 7!
a9 — (9
B2+ B2
az = [as, Bs)ai|as, Bslarasal Has, B3] tag Has, B3] 1
Bs v [, Bslan[as, Bslar Bzar Has, B3] Lag tas, 8] 7!

2.1. Fixed Point Equations for (T, o T7_21 oTy o TWZI)*.

e On R(E, G) o Al [Ag, Bg]Al[Ag, B5]A1[A3, Bg]_lAfl[Ag, Bg}_l
Bi — B1A; [Ag, Bg]_lAl_l[Ag, Bg]_l
A2 — A2
BQ — B2
A3 — [A3, Bg]Al [Ag, B3]A1A3A1_1 [Ag, B3]71A1_1 [Ag, B3]71
By — [As, B3] A1[As, Bs] A1 B3 Ay '[As, B3] 7 Ay ' [As, Bs] ™!

e On R(E, G)/G : TilAlT = [Ag, Bg]Al [Ag, B3]A1 [A3, Bg]ilAl_l[Ag, Bg]il
T_lBlT — B1A; [Ag, Bg]_lAfl[Ag, Bg]_l

T_1A2T — Ao
T_lBQT — By
T_lAgT — [Ag, Bg]Al [Ag, Bg]AlAgAfl [Ag, Bg]_lAfl [Ag, Bg]_l
T_lBgT — [Ag, Bg]Al[Ag, Bg]AlBgAl_l [Ag, Bg]_lAl_l [Ag, Bg]_l

2.2. Computing ®2 = T, o T’Y_zl oT,, o T’Y_zl'
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o d%(aq):
®(ay) = [as, Bslaias, Bs]
®(P(c1)) = ([3, Bslon[ovs, B3] )
(o3, B3]) @ (1) @ ([az, B3] )
a3, B3]) @ (an) (@([a3, B5]))

= o(

— @ !
= ®(asfaaz ' B ) B(on) (®(asBsaz ' B5))
®(

(o

-1

03)®(B3) (05 )@ (B )P () (B (3) B (B3) B (a5 )R(B5 1)
3@ () (®(3) " (8(83)) @) (®(s)@(Bs) (2(as) " (€(83) )
[as, Bslaragar [as, Bs] o, BslaiBsar as, Bs] s, Bslarag oy o, B3] as, Bsla1 By o
[as, B3] Has, Bs)ai[as, B3] as, 52}041/83(11 las, B3] tas, Bslarazay Has, B3] Has, B3lai Byt
ay as, Bs] o, Bslonaz tay as, B3] !
= [as, BslarasBsay ' By ar Bsas By oy oy s, B3]
= [043,53]041[043,53]061[53,043]041_ (s, B3] !

= [, Bl [as, Bs)aa[as, B3] Lag Has, B3] 7!

-1

% (1) = [ag, B3lou [as, Bslaa[as, B3] Loy as, B3]

o () :
(1)
(D(51))

Bilos, B3] !

O (B1fos, B3] ")

(B)®([as, B3] )

(1) (@([exs, B3]))

(B1) ()@ () @ (a5 (85 1)

(81) (@(3)®(B5) (@ (az)) ™ (@(86)) ™)™
= Bilas, Bs] s, Bslan Bay Has, Bs] s, Bslonasar Has, B3] as, Bslai By
ay 'as, Bs]Hos, Bslaraz ' as, B3] 7!

= BronBsasfBs g oy as, Bs] !

= Prou[fs, 043]Oél_ [as, B3] !

= Brau[as, B3] Loy as, Bs]

-1

L .~ =

B3
B3

*(By) = Bronfas, B3] oy as, B3]

(] (I)Z(OCQ) .

P () = ay
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o O2(f3y) :
) ®(B2) = B2
(D(2)) = ©(ba)
= f2
*(B2) = S
o $%(a3):

®(as) = [as, Bs]arasay as, B3]
‘I’(‘I’(Oéza)) = ®([o3, Bs]arasay as, B3] )
([, B3])@(1) @ (a3)®(a; )@ ([ez, B3] )
([e3, B3)) @ (1) D (r3) @ (a; ) (D([arz, £3]))
(azfzay "By ) (a ><I><a3><1><a;1>( (sfserg 55 1))~
(a) @ (5) @ (0 )B(B; ) B ()@ (3) B (e, ') (P (a3) B(B3) B (a3 ) @55 1))
(a5) @ (53) (®(a)) (wg)) '@ (a1)®(as) (®(a1)) (D) @(Bs) (B(az)) " (@(Bs) )
[as, Bg]alagul [as, B3]~ [043,63]041&),@1 [ag, B3]~ [(Jé3,53]&1&3_10(1_1[()(3,[53}71[&3763]&153_10(1_1
[as, B3] s, Bs]au[as, B3] [as, Bslarasay Has, B3] as, Bslay as, B3] as, Bslan Bza !
(a3, B3]~ o, Bslarasay Has, B3] as, Bslea By Loy Has, B3] as, Bslaras tay as, Bs] T
[as, BslanasBsay ' By araga;  Bsas By tay oy as, B3] !
= [as, Bslon o3, Bslanasay ' [Bs, asloy o, B3] !

[as, Bs)ai|as, Bslarasa; Has, Bs) tag Has, B3] 7!

~—  —

-1

1

d
)
)
)

% (a3) = [as, B3laa[as, Bslarasar Has, B3] tag Has, B3] 7!

o D3(f3) :
D(B3) = [z, Bsla1Bzaq Has, B3] !
‘I’(‘I’(ﬁzs)) = ®([as, Bsla1 Bza; Has, B3] )
[aes, B5]) (1) @(B3) @ (07!
[es, Bs]) @ (01)@(Bs) @ (07 ) (@([axs, Bs]))

O )@ ([as, B3] )

( 3)®
(azBzaz " B3 1) @(cn)®(B3)@(ay 1) (P(azfzaz ' B51))
( (B35

(a

1

az)®(f33)0(oz ') ® )()()()(()‘D()(*)(ﬂgl))_l
3P (B5)(B(az)) " (2(8s)) B) ((en)) " ((an)B(83) (B(az)) " (@(85) )
= [as, Bslorasay as, B3] o, [9’3](11/3301 [03 B3] oz, ﬁﬂalag oy as, Bs] s, Bslan By oy
[as, B3] s, Bslau [as, B3] [as, BslarBsaq o, B3] o, Bslay o, B3] as, 53]Oé1530é1
[as, B3] as, Bslarazay Has, B3] Has, Bslai By Loy Has, B3] as, Bslaaag tag s, B3]

= [as, BslarasBsay ' By anBsar  BsasBy Loy tar as, B

= [as, Bs]au[as, Bslon Bzay ! [53,a3]af s, B3] !

= [, Bslan[as, Bs)ar Bzag Has, B3] tag Has, Bs] 7!

d
d
®
®

1
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®%(B3) = [as, Bs)ai[as, Bslai Bsag Has, B3] tay Has, B3]

2.3. Checking Relation.

0 [®*(en), ‘@Q(Bl)] (@2 (r2), ®*(B2)] [2* (1), ©*(B1)]
i) [[os, Bslanlas, Bsloa[as, B3] oy [043,53]_1,51061[043,53]_1041_1[043,53]_1][042,52]
[03753}01[013,53]061[043753]041 [as, B3] g [043,53]71
(i) [043,53]041[063,53]061[043,ﬁ3] oy as, Bs] T Bronfos, Bs] oy Has, B3] !
s, B3l [as, Bslag Has, B3] Laq as, B3] as, ﬁa}al[as,ﬁz]al 187 g, 2]
[, Bs]on [as, Bslan [as, Bs] oy Has, Bs] ! 041 ag, B3]
(v) [, Bslaslas, Bslaa[as, Bs) tag tas, Bs) 7! (11 ‘o pray ﬁl Has, Bs]
(s, Bs] an[aus, Bs] o [aus, Bs]ay s, B3] oy Mg, Bs] !
) [, Bslan[as, Bslaa[as, B3] tag Has, Bs] 7! 061 Lagpray 51 Has, Bs]
(a3, B3] s, B3] [, Bslay o, B3] oy as, B3] 7!
i) [as, Bslas[as, Bslaa[as, B3] ag Has, B ag
aias, Bslaias, Bslay o, B3] ag Has, B3] !

ii) [, Bs)aifas, Bslai[as, Bs) tag Has, Bs) tag taa[as, Bslad[as, Bslag Has, B3] tag Has, B3] T

(viii)

2.4. Computing Fix((® o ®)*).

A1 = Al
Ay = A AL AT
A=A

e B
By = By A[As, B3] A7 [A3, B3] !
I = Ay[A3, B3] YA A3, Bs] ™!
[As, Bs]A1[As, Bs) = Ay
[As, Bs]A1[As, Bs] A = A1 A,

([Ag, Bg]A1)2 — (A1)2
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[ ] A3 :
Az = Ay As Afl
Az = AjA; A3 ATTAT!
A3 A1 A = A1 A1 As
[(A1)%, A3 =1
[ ] Bg :

B3 = Ay B3 AT!
Bs = A1A; B3 AT AT!
BsAj Ay = A1 A Bs
[(41)%, B3] =1

Therefore, with the relations

([AS,B3]A1)2 = (A1)2
[(A1)% A43] =1
[(A41)%, B3] =1
our fixed point set for the map (<I> o <1>)* = (TAY1 o T’Y_21 oT,, o T,Ygl)* is defined as follows:

Fix((®?)*) = {(Ai,Bi) € SU(2)% : ﬁ [4:, Bi] = I, ([4s, B3]A1)? = (A41)%, [(41)% 43) = I, [(A1)?, Bs] :I}

i=1
Now, observe that (A;)? is involved in three of our four relations, and that based on this A; essentially determines
the other five entries. Thus define the map

p: Fix((@%)*) — SU(2)
given by
(A1, By, Az, By, A3, Bg) — Ay
First, note that p is a restriction of the projection map
p:SU>2)* — SU(2)
which we know to be continuous as projections in the product topology are continuous, thus p is continuous. Next

we claim that p is surjective.

Lemma 1. The map
p: Fix((92)*) — SU(2)
(A1, B1, Ay, By, A3, Bs) — Ay

18 surjective

Proof. Let A1 € SU(2). Now we wish to find corresponding Bj, As, Be, A3, B3 € SU(2) such that
the 6-tuple lies in our fixed point set, that is

(A1, By, As, B, A3, B3) € Fix((®?)*)
To do so let us consider the relations that these matrices must satisfy
[T [A Bl =1
(45, BsJ41)” = (41)°
(A1) A3] = [(41)%Bs] =1
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Observe that for the second and third relations, if we take both A3 and Bj3 to be the identity matrix
then these two are satisfied. Furthermore, for the product of the commutator relation, with our
choices of A3 and Bjs, this becomes

[A1,B1] = [A2,B,]

Thus, we may choose our By, Ao and Bs such that this equality holds, for simplicity’s sake again
set them equal to the identity. With this 6-tuple

(Alv IBla-[Agv IBQ’ IA35 IBg)

we have shown that it satisfies the relations in our fixed point set and thus for arbitrary 4; € SU(2)
have found a corresponding element of our domain. Therefore, our map u is surjective. O

Having shown that our map p is a continuous surjection, we now wish to use it to classify our fixed point set. To
do so we first define the following sets in SU(2) based on our possible values of (A1)2. Let

AL = {A; €SUQ2) : (A1) # %I}
be the set of all A; whose 2-nd power is non-central in SU(2) and let
A2 = {A; €SUEQ) ¢ (A1)° =4I}

denote the set of all A; whose 2-nd power is central in SU(2). However, note that we can further partition this
second set into the following two subsets,

A2 ={AeSU@) : ()’ =1} ={-11}
and
A2 = A, €SUEQ) : (A4)° =T}

We may note that by construction, these three sets partition SU(2) as they represent the collection of fibers of the
2-nd power map. Now, with these sets we may consider their preimages under our map g, notably,

pt(AL) = {(A1, B1, Az, By, A3, Bs) € Fix((9%)*) : (41)” # +1}
and
p 1 (A2) = {(A1, Bi, As, B, A3, B) € Fix((9?)*) : (41)” = +1}
which we can represent as
pHAL) = (W D) U () U (A2)
/-1'_1([> - {(Ia B17A2a327A37B3) € FlX(((I)Q)*)}
p~t(=1) = {(~1,Bi, As, Bo, A3, B3) € Fix((9*)*)}

with

and
_ . 2
% 1(./42_) = {(Al,Bl,AQ,BQ,Ag,B;g) S FIX(((I)Q)*) : (Al) = —I}
Since p is a continuous surjection and as previously noted our characterization sets, .Ai and A% partition SU(2),
it follows that our fixed point set may be expressed as the union of these respective preimages, that is

Fi((9%)7) = p=" (A%) Up ™ (AL) = p " (AR) U (W (D UpTH (=1) U (A2))
Therefore, in order to classify the connectedness of our fixed point set, it suffices to investigate the connectedness

of these preimages. First, we will consider the preimage over the collection of A; such that their 2-nd power is a
non-central element of SU(2). To do so lets fix A; € Ai. Then, we will consider our original relations from the

fixed point set. We begin by noting that by our last two relations, we know that (A1)2 commutes with both Ag

and Bjs. Thus, by definition A3 and Bs are in the centralizer of (A1)2. Since (A1)2 is assumed to be a non-central
element, its centralizer is a maximal torus in SU(2). It follows that both A3 and Bs lie in this maximal torus.
Recall that every maximal torus is abelian, hence, A3 and B3 must commute, that is

[As,Bs] =1
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Now we may consider the product of the commutator relation, noting that with As and B3 commuting our
expression simplifies as follows

AL B =1
[Aq, By] [AQ, Bg] [A3, B3] =1
[A1,B1]|[A2,Bs] =1

[A1, Bi] = [As, Bz]_l

Next lets examine our second relation. Observe that since the commutator of A3 and Bs is in the center of SU(2),
then it commutes with A; and so we may distribute the exponent and realize that this relation is trivial. Therefore,
for each A, € .Ai we can express its corresponding stratum of the fixed point set as

{AI}XFfI = {Al}X{(Bl,AQ,BQ,A3,B3) S SU(2)5 : [Al,Bl] = [AQ,BQ]_17 [Ag,Bg] = [(Al)Q,Ag,] = [(Al)Z,Bg] = I}

Hence, the preimage ;! (Ai) can be represented by the union of over all such A; € Ai of these corresponding
fixed point stratum sets, that is

(AL = | {A1} x F},
AleAi

Next, we will consider the preimage over the collection A; such that their 2-nd power is a central element of SU(2).
To do so lets fix A; € A%Z. Then, we will consider our original relations from the fixed point set. We begin by
considering the product of the commutators relation, noting that we cannot simplify this with the extra condition
on Ap, and so we move on. Next lets examine our second relation. Observe that by our intial assumption on A;
this relation simplifies to

([As, B3A1)? = +1

Finally, examining our last two relations, since (A1)? commutes with every element of SU(2), then these relations
are trivial. Thus for each A; € A% we can express its corresponding stratum of the fixed point set as

3
{Al} X ]:jl = {Al} X {(Bl,AQ,BQ,Ag,Bg) S SU(2)5 : H [Az,Bl] =1, ([Ag,B:g]Al)Z = :I:]}
=1

However, as we previously observed, we can split A% into two subsets, Ai and A2 . Therefore, for each A} € .Ai
we can express its corresponding stratum of the fixed point set as

3
{A] }><.7-" = {A]} x {(Bl,AQ,BQ,Ag,Bg,) € SU(2 H Ai, Bi| =1, ([A3,33]A/) —I}
=1
Likewise, for each A} € A% we can express its corresponding stratum of the fixed point set as
3
{A]} x .7-";,1, = {A’l/} X { (B1, Ag, By, A3, B3) € SU(2 H AI,B =1, ([Ag,Bg]A”) = —I}
=1

Now, note that these two fixed point stratum sets are disjoint as their corresponding characterization sets Ai and
A? are disjoint and so the A; arguments of each respective set cannot agree. Hence, the preimage p~! (Ai) can
be represented as the disjoint union of the two respective unions over all such A} € A% and A} € A% of these
corresponding fixed point stratum sets, that is

p (AL = U {1} x 7} U U {47} x A”
AleA? AVeA?

Now that we have described each respective preimage of p which partition our fixed point set. We may observe
that our fixed point set can be represented as the disjoint union of three respective unions of our fixed point
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stratum sets, {A;} x fﬁ, {A]} x .7-";{,1, and {A7} x .7-'2,1,, over our A; characterization sets, Ai, A%, and A%.
That is, from our original representation

~ 2 —1( 42 -1 -1 —1( 42

Pix((82)7) = 5} (A2) U (™1 (1) U == 1)) U (42)
we have that
Fix((0?)*) = |J {Ai} x Fi, U} xFf u {-I} xFH, U | {4} X Foun

AreAy AfeA?
Due note that this is technically a disjoint union of these respective unions as by construction the A; argument
of each respective collection of fixed point stratum sets cannot agree. Therefore, as we attempt to classify the
connectedness of our fixed point set, it suffices to determine the connectedness of each collection of fixed point

stratum sets respectively. We will begin by investigating the connectedness of the preimage of our characterization
set A%, that is

(AL = | {A1} x F},
AlE.Aié

To do so we first consider each individual fixed point stratum set {A;} x ]-'fl.
Lemma 2. {4;} x ]:fl is connected for every Ay € Ai

Proof. Fix Ay € Ai. With
{141}><]:j1é1 = {A1}X{(B1,A2,B2,A3,B3) €SU(2)° : [A1,B1] = [Az,Bz]fl, (A3, Bs] = [(41)?, As] = [(A1)?, Bs] = I}
we begin by noting that the singleton set {A;} is connected in SU(2) and the product
+
{Ai} x F7,

is homeomorphic to ]-"jfl, as it is just a copy of this set at A;. Thus to determine the connectedness

of the fixed point stratum set, it suffices to show the connectedness of fjfl. With this, we first
define

Bﬁl = {(Bl,Ag,Bg) S SU(2)3 . [A3,Bg] = [(A1)2,A3] = [(Al)Q,Bg] = I}
Now consider the map
e *

VI FAl _> BAl

given by
(B1, A, By, A3, Bs) — (B, As, Bs)
Note that 7 is a restriction of the projection map
p:SU(2)° — SU(2)3

which we know to be continuous as projections in the product topology are continuous, thus w is
continuous. Additionally, we claim that 7 is surjective. To see this, take (Bl, As, B3) € Bfl. By
the definition of Bfl, we have

[A3,B3) =1  [(A)%A3] =1 [(4)*Bs]=1

Thus our goal is to find an Ay, By € SU(2) such that the 5-tuple (Bl, Ao, By, As, Bg) lies in .Ffl.
That is
(A1, B1] = [A2,By]
Define
Ay = Afl and By := Bfl,
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note that since SU(2) is a group, then Ay, By € SU(2). Now, observe that
[A1,Bi] = A1B1AT By = Ay' By 1 AyBy = [Ag, Bo] ™
Hence along with the assumed commutation relations in 8#1, it follows that

(B1,A2, By, A3, B3) € fi
and thus
7T(-Bla A25 BQ, A3, BS) = (B17 A37 B3)
so 7 is surjective. Now that we have established that 7 is a continuous surjection, let us consider
the fibers of this map. Given a point (Bl, As, Bg) € Bfl, the fiber over this point is defined as

71 (By, A3, B3) = {(B1, A2, By, A3, B3) € F. }
Note that since in fi the only relation involving (Ag, Bg) is
[42,Bo] = [A1.B1]
we may fix (Bl, As, Bg) € Bfl and define the map

(U a1 (Bl,Ag,Bg) — {(AQ,BQ) € SU(2)2 : [AQ,BQ] = [Al,Bl]fl}

given by

(B1, A2, B, A3, By) — (A, By)
Since we fixed our fiber, acting as the domain, by the uniqueness of inverses in SU(2) our map ) is
well-defined and surjective. Moreover, by this uniqueness property and the fact that we fixed our
B, A3 and Bs arguments, we must have that the map is injective, thus 1 is a bijection. Now we
observe that v is a restriction of the projection map

p:SU(2)> — SU(2)?

which we know to be continuous as projections in the product topology are continuous, thus 1) is
continuous. Furthermore, ¢)~! is a restriction of the inclusion map

i:50U(2)? — SU(2)°

which we know to be continuous as inclusions in the product topology are continuous, thus ¢! is
continuous. Therefore, ¢ is a homeomorphism, that is

TI'_I(Bl,Ag,Bg) = {(AQ,BQ) S SU(2)2 : [Ag, Ba] = [Al,Bl]_l}.
Importantly, observe that
{(A27B2) S SU(2)2 : [AQ,BQ] = [Al,Bﬂ_l}

is just a fiber over the commutator map of SU(2) and thus is connected. Since we have shown
that an arbitrary fiber, 7=1(By, A3, B3), is connected, it follows that the fibers of our map 7 are
connected. Therefore, 7 is a continuous, surjective map with connected fibers from our total space
fﬁ into our defined base space Bﬁl. Thus, we will now investigate the connectedness of this base

space le. To do so let us first examine the commutation relations in Bfl, noting that
[As, Bs] = [(A1)? As] = [(A1)?*, B3] =1

implies that As, Bs commute. Recall that any two elements of SU(2) commute if and only if they
lie in the same maximal torus, which in SU(2) is conjugate to the subgroup of diagonal matrices.
Let T denote a maximal torus in SU(2),

T= {(6(;9 eow> 10 € [0,2@}
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Since Ag, B3 commute, there exists g € SU(2) such that

gAsg~', gBsg ' €T
This follows from the fact that all maximal tori in SU(2) are conjugate and every element is
contained in some maximal torus. Therefore, the set of commuting 2-tuples in SU(2) is

Ch, = {(as,b3) € SU(2)* : [az,bs] = I}
= {(gtlg_l,gtgg_l) : g € SU(2), t1,ty € T}

We wish to show that Cfl is connected, in order to do so we define the map

: 2 #

Q:5U(2) x T* — Ch,
by
Q(g, (t1,t2)) = (9t19_17 gt2g_1).

Observe that the domain of the map, SU(2) x T2, is connected since SU(2) is connected, T is
connected, and the finite product of connected spaces is connected. Therefore, it suffices to show
that  is continuous and surjective, as the image of a connected space under a continuous map

is connected. We begin by verifying the surjectivity of Q. Let (as,b3) € Cffl, then there exists

g € SU(2) such that

g lazg, g 'bzg € T.
This follows from the fact that all maximal tori in SU(2) are conjugate and every element is
contained in some maximal torus. Now, if we set

t1 = g tasg and ty = g 'bsg.

then every element of Cfl is in the image of SU(2) x T? under € and so the map is surjective. For the
continuity of the map, we note that €2 is defined on group operations, multiplication and inversion,
which are smooth in SU(2), and so the map is continuous. Hence, Cfl is connected. Now, there

are no relations involving Bj in the definition of Bﬁl, therefore, for any fixed commuting 2-tuple
(As, B3), B1 can be any element in SU(2). Thus,

Bh, = Ch % SU(2).

We know that SU(2) is connected and we have just shown that Cfl is connected, therefore, since

the finite product of connected spaces is connected, it follows that Bﬁl is connected. To recap, we
have shown that there is a continuous surjection

T ]:jfl — Bfl

with non-empty, connected fibers. Therefore, since the base space Bfl is connected, it follows that

.7:3161 is connected. Hence the entire fixed point stratum set
{41} x 3,
is connected. O

We have now shown that for our preimage over the characterization set AQ;E each fixed point stratum set is

connected. So to determine the connectedness of p~* (Ai) we need to consider the union of all such fixed point
stratum sets over our characterization set.

Lemma 3. p~! (-’435) = UAleAfE {A1} x ]:fl has 2 connected components
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Proof. We begin by noting that by the previous lemma, we know that for each A; € Ai our
corresponding fixed point stratum set

{Al}X]‘"jf1 1= {Al}x{(BhA%B%A?nBS) €SU*2)° : [A1,By] = [A2,32]_1, [As, Bs] = [(41)%, As] = [(A1)?, B3] = I}
is connected. Thus the remaining determination of the connectedness of our preimage
(AL = U (Al x A
1416./436

depends on that of the parameter space, our characterization set Ai. Now with

AL = {A; €SUQ2) : (A1) # I}

let us recall that this is merely the union of fibers of the 2-nd power map of SU(2). Thus we will
consider this map,

p2 : SU(2) — SU(2)
given by
Z — Z7?
Observe that since p is surjective
AL =SU@2)\ (p;'(I) U py' (1))
Thus let us examine
SU2)\ (py (1) U p3 ' (—1))
Note that for any W e SU(2) \ (pgl(I) U pQ_l(—I))7 W is diagonalizable and can be written up

to conjugation as
e? 0
W ~ (0 e_i9>7 96[0,7’(]

Now this represents the conjugacy class determined by the eigenvalues (e
condition on W that

# ¢~ which by our

(W) #1
must satisfy
(69)? #£ 41 — 0 £ 41 <= 20 % 0 (mod )
Therefore, we have
0 #+ %k, keZ

Due to the equivalence under conjugation of § ~ —@ and 6 ~ 6 4+ 27 in SU(2), we only consider
6 € [0, 7]. Removing all such angles from our interval [0, 7] for 0 < k < 2 we are left with 2 open

intervals
s T 2m
(0.5) and (2, 2>

Now, we claim that each of these open intervals corresponds to a connected component of

SU2)\ (py (1) U py ' (=1))

[INSERT] DR. DUNCAN: Implicit/Inverse Function Theorem Argument
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With this we have shown that p ! (.Ai) has two connected components. Thus it is left to classify the connectedness
of our two remaining preimages which partition our fixed point set. To do so, first we will consider our fixed point
stratum sets which arise in the case where the 2-nd power of A; is in the center of SU(2), specifically when it is
equal to the identity.

Lemma 4. For every Ay € A2, {A;} x .FXI has two connected components

Proof. Let us begin by noting that in SU(2) the only matrices which square to the identity matrix
are =1. Thus our characterization set

A2 ={AesU@) : (A)=1'={-1T1}
Thus we will consider the two cases for our possible Ay separately. First, take Ay = I. Then with
-1 2
{I} x Ff = {I} x {(Bl,Az,B27A37B3) €8U(2)° : [Ag,Bs] = [A3,Bs] ™, ([43,Bs])" = I}
we begin by noting that the singleton set {/} is connected in SU(2) and the product
{1} < Ff
is homeomorphic to .7'-"1+ as it is just a copy of this set at I. Thus to determine the connectedness of
the fixed point stratum set, it suffices to show the connectedness of .7-"I+. Now notice that in taking
Ay = I along with the simplification of the product of the commutator relation, our second relation
becomes
[A3, By] = +1

as again the only matrices in SU(2) which square to the identity matrix are +I. Therefore, in this
case we may express our fixed point stratum set as

f;r = {(Bl,AQ,BQ,Ag,Bg) S SU(2)5 : [AQ,BQ] = [Ag,Bg] = :|:I}

With this form of our fixed point stratum set we may further decompose it into the sub-case where
our As, By and As, By commutators equal the identity and the sub-case where they equal minus
the identity, that is

f;_+ = {(B17A27BQ7A37B3) € SU(2)5 : [A27BQ:| = [A37B3:| = I}

and
./_‘?__ = {(Bl,AQ,BQ,Ag,Bg) S SU(2)5 : [AQ,BQ] = [Ag,B3] = —I}

In this first sub-case of ]-'IJF+, we observe that the relations
[AQ, BQ] =71 and [Ag, Bg] =1

implies that Ay, By commute and Ag, B3 commute. Recall that any two elements of SU(2) commute
if and only if they lie in the same maximal torus, which in SU(2) is conjugate to the subgroup of
diagonal matrices. Let T denote a maximal torus in SU(2),

T = {(‘389 69i9> .0e [0,271')}

Since Ay, By commute, there exists g € SU(2) such that
gAsg™!, gBag' €T

This follows from the fact that all maximal tori in SU(2) are conjugate and every element is
contained in some maximal torus. Therefore, the set of commuting 2-tuples in SU(2) is

Cit = {(a2,b2) € SU(2)? : [ag,bo] = I}
= {(gtlg_l,thg_l) : g € SU(2), t1,t2 € T}
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We wish to show that C?+ is connected, in order to do so we define the map
Q:8U(2) x T? — ¢f

by

Q(g, (t1.t2)) = (gt1g™", gtag™).
Observe that the domain of the map, SU(2) x T?, is connected since SU(2) is connected, T is
connected, and the finite product of connected spaces is connected. Therefore, it suffices to show
that € is continuous and surjective, as the image of a connected space under a continuous map
is connected. We begin by verifying the surjectivity of Q. Let (ag,b2) € C;r+, then there exists
g € SU(2) such that

Yasg, g 'bag € T.

g
This follows from the fact that all maximal tori in SU(2) are conjugate and every element is
contained in some maximal torus. Now, if we set

ti=g lazg  and  ty =g 'byg.

then every element of C;/ " is in the image of SU(2) x T? under © and so the map is surjective.
For the continuity of the map, we note that 2 is defined on group operations, multiplication and
inversion, which are smooth in SU(2), and so the map is continuous. Hence, C;“Jr is connected.
Note that for this past section about the connectedness of commuting 2-tuples we utilized the
commutativity of As with Bs, however, this argument extends the commutativity of Az with Bs.
Now, there are no relations involving B; in the definition of ]__I++7 therefore, for any two fixed
commuting 2-tuples (Ag, BQ) and (Ag, Bg), B; can be any element in SU(2). Thus,

Fit=cft xcft xsu(2).

We know that SU(2) is connected and we have just shown that C}F+ is connected, therefore, since
the finite product of connected spaces is connected, it follows that ]-";LJF is connected. Next let us
consider our second sub-case,

./_'.;r_ = {(Bl,AQ,BQ,Ag,Bg,) S SU(2>5 . [AQ,BQ] == [Ag,Bg] = —I}
In this sub-case, we will take a slightly different but equally valid approach to showing that our
fixed point stratum set is connected. To start lets define the commutator map
¢:SU(2)? — SU(2)
given by
(X,Y) — [X,Y]
Now observe that our anti-commuting pairs Ao, By and As, B3 are elements of the fiber over minus
the identity of the commutator map, that is

(A2, Bo), (A3,B3) € ¢ (1) = {(X,Y) € SU(2) : [X,Y] =1}

Recall that we know that the fibers of this map are connected for SU(2). There are no relations
involving Bj in the definition of .7-"I+_, therefore, for any two fixed anti-commuting 2-tuples (Ag, Bg)
and (A3, Bg), B can be any element in SU(2). Thus,

Fim 2N (=I) x H(=1) x SU(2).

Since we know that SU(2) is connected, fiber of the commutator map is connected, and the finite
product of connected spaces is connected, it follows that ]-";r_ is connected. Note that since I and
—1I are antipodal points we cannot connect the sets which arise from these two distinct sub-cases,
thus in the case where A; = I we have two connected components. Now moving on to our second
case, where A7 = —1I, we have

{—I} X J—'.j = { —I} X {(Bl,AQ,BQ,Ag,Bg) S SU(2)5 : [AQ,BQ] = [Ag,Bg} _1, (— [Ag,Bg])z = I}

19
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Importantly, observe that the proof for this case is nearly identical to that of our previous case,
thus we may conclude in a similar fashion that it too has two connected components. O

We have now successfully classified the connectedness of two of our three preimages. Thus we turn our attention
to the final preimage which in part partitions our fixed point set. To do so, first we will consider our fixed point
stratum sets which arise in the case where the 2-nd power of A; is in the center of SU(2), specifically when it is
equal to minus the identity.

Lemma 5. For every Ay € A%, {A;1} x Fy, is connected

Proof. Fix Ay € A%. With

3
{A1} x Fy = {A} x {(317142732,143,33) €SU(2)° : H [4i, B;] =1, ([A3733]A1)2 = —I}
i=1
we begin by noting that the singleton set {A;} is connected in SU(2) and the product
{Ai} x Fy,
is homeomorphic to F; as it is just a copy of this set at A;. Thus to determine the connectedness
of the fixed point stratum set, it suffices to show the connectedness of Fa,- With this, we first
define
BZI = {(Bl,Ag,Bg) c SU(2)4 : ([A3,B3]A1)2 = —I}
Now consider the map
T }"Xl — 821
given by
(B1, A, By, A3, Bs) — (B, As, Bs)
Note that 7 is a restriction of the projection map
p:SU(2)° — SU(2)*
which we know to be continuous as projections in the product topology are continuous, thus = is
continuous. Additionally, we claim that 7 is surjective. To see this, take (Bl, As, Bg) € By,. Then
by the definition of 5, , we have
2
([4s, B3]Ay)" = —1
Thus our goal is to find an Ay, By € SU(2) such that the 5-tuple (Bl, Ao, By, As, Bg) lies in Fy ,

that is

[A2, Bo] = [A1, Br] ' [4s, Bs]

Recall that every element in SU(2) can be expressed as a commutator. Hence, because

[Al, Bl] -t [Ag, Bg} -1 S SU(Q)
then by the surjectivity of the commutator map in SU(2), there exists an X, Y € SU(2) such that

(X,Y] = [Al,Bl]_l[A:s,B?)]_l
Define

Ay:=X and By:=Y.
Now, observe that
[Ala Bl] |:X7 Y} [A37 B3]
= [A1, B] ([A1, B1] ' [A, Bs] ) [As. B
= ([41, Bi] [AlaBl]_l) ([A:z,Bs]_l (A3, Bs])
—1
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Hence along with the relation in B}, , it follows that
(B1, A2, By, A3, B3) € F,
and thus
7(By, Az, By, A3, Bs) = (B1, As, Bs)
so 7 is surjective. Now that we have established that 7 is a continuous surjection, let us consider
the fibers of this map. Given a point (Bl, As, Bg) € By, the fiber over this point is defined as
m ' (B1, As, Bs) = {(B1, A3, By, A3, Bs) € F, }

Note that since in F, the only relation involving (Ag, Bg) is the product of the commutators,

which we can express as

[As, Bo] = [A1, B] ' [A3, Bs]

we may fix (Bl, As, Bg) € BL and define the map
¢ (By,As, Bs) — {(As, Ba) € SU(2)? : [Ag, Bo] = [Ay, B1] '[As, Bs] ™'}
given by
(B1, Az, B, A3, Bg) —— (A, Bs)

Since we fixed our fiber, acting as the domain, by the uniqueness of inverses in SU(2) our map ) is
well-defined and surjective. Moreover, by this uniqueness property and the fact that we fixed our
B, A3 and Bs arguments, we must have that the map is injective, thus 1 is a bijection. Now we
observe that v is a restriction of the projection map

p:SU(2)° — SU(2)?
which we know to be continuous as projections in the product topology are continuous, thus 1 is
continuous. Furthermore, ¢! is a restriction of the inclusion map

i:8U(2)? — SU(2)°
which we know to be continuous as inclusions in the product topology are continuous, thus ¢! is
continuous. Therefore, 1 is a homeomorphism, that is

7 Y(B1, A3, B3) = {(A2, Bo) € SU(2)? : [As, Bs] = [A1, B1] '[A3, Bs] '}
Importantly, observe that
{(A2, Bo) € SU(2)? : [Ay, By] = [Ay, B1] '[A3, Bs] ™'}

is just a fiber over the commutator map of SU(2) and thus is connected. Since we have shown
that an arbitrary fiber, 7=1(By, A3, B3), is connected, it follows that the fibers of our map 7 are
connected. Therefore, 7 is a continuous, surjective map with connected fibers from our total space
F, into our defined base space 5 . Thus, we will now investigate the connectedness of this base

space B} . To do so consider the 2-nd power map of SU(2)
p2 : SU(2) — SU(2)

given by
Z — Z°?

Let us examine the fiber over minus the identity
py (=I)={Y €SUQ2) : (Y)?=-I}
Note that for any Y € p, '(—1I), Y is a matrix in SU(2), so it is diagonalizable and can be written

up to conjugation as ‘
e 0
Y ~ O eiia 5 9 € [0, 7T]
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Now this represents the conjugacy class determined by the eigenvalues (e, e~%), which by our
condition on Y that

()P =1
must satisfy
(em)2 = -1 = %=1 « 20 =7 (mod 2n)

Therefore, we have
m+2mk  (2k+1)7

2 2
However, due to the equivalence under conjugation of § ~ —¢ and 6 ~ 6 + 27 in SU(2), we only
consider 6 € [0, 7]. Thus,

6 = keZ

This corresponds to a distinct conjugacy class,
D™ = {Vdiag (e%,e_Tm> vlive SU(Z)}
Now, from our relation we know that [As, B3] A; lies in this fiber of the 2-nd power map, thus
[As, B3]A1 € D™

Recall that every conjugacy class of a non-central element in SU(2) is connected and homeomorphic
to S2. Therefore we know that

D™ =52
Now note that By is not involved in the relation in B, and so it is unconstrained in SU(2). We do
have, however, that A3 and Bs are involved this relation, thus we will consider the map

A :SU(2)? — SU(2)
given by
C43VB3) — [AgnglAl

Observe that this is a continuous map as it is defined on a group operation, multiplication, which
is smooth in SU(2). The key observation is that by our relation on B, we have that

(B1,As, Bs) € B, <= A(As,Bs) € p; ' (—I)
Therefore,
By, =8U(2) x A (py ' (=1))
and hence we can express B;h as
B, =SU(2) x A71(D7)
Since A is continuous and the continuous preimage of a connected set is connected, it follows that
AT (D)
is connected. Moreover, since SU(2) is connected and the finite product of a connected spaces is
connected, it follows that
SU(2) x A™H(D7)

is connected. Therefore, our set 821 is connected. So we have shown that there is a continuous
surjection
T Fy — By,
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with non-empty, connected fibers. Since every fiber is non-empty and connected, and the base
space BZI is connected, it follows that JF 4, is connected. Hence the entire fixed point stratum set

{Al} X fgl
is connected. O

Having classified the connectedness of each individual fixed point stratum set corresponding to the fibers of
Ay € A% under u, we now wish to consider the union so that we know the number of connected components of
the entire preimage.

Lemma 6. For

pt(AZ) = U {A1} x Fy,
A1€A2_

pt(A2) is connected

Proof. We begin by noting that by the previous lemma, we know that for each A; € A% our
corresponding fixed point stratum set

3
{Al} X .7:21 = {Al} X {(Bl,AQ,BQ,Ag,Bg) S SU(2)5 : H [AZ,Bl] = I, ([Ag,Bg]A1)2 = —I}
i=1
is connected. Thus the remaining determination of the connectedness of our preiamge
) = U A=
A1eA?
depends on that of the parameter space, our characterization set A2 . Now with
A2 = {4, €8U@2) : (A)° =1}

let us recall that this is merely the fiber of the identity under the 2-nd power map of SU(2). Thus
we will consider this fiber, first defining the 2-nd power map,

p2: SU(2) — SU(Q)

given by
7z — 7°

Let us examine the fiber over minus the identity
py (=I)={Y €eSUQ2) : (Y)*=-I}

Note that for any Y € py '(—1I), Y is a matrix in SU(2), so it is diagonalizable and can be written

up to conjugation as
e’ 0
0 —z‘B)

Now this represents the conjugacy class determined by the eigenvalues (€', e
condition on Y that

, which by our

()=
must satisfy
(eie)Z =1 — 20— | e— 29=1 (mod 27)

Therefore, we have

m+27k  (2k+1)7

0 = ;
2 2

keZ
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However, due to the equivalence under conjugation of § ~ —¢ and 6 ~ 6 + 27 in SU(2), we only
consider 6 € [0, 7]. Thus,

This corresponds to a distinct conjugacy class,
D™ = {leag (62 e >V 1. ve SU(Q)}

Now, recall that every conjugacy class of a non-central element in SU(2) is connected and homeo-
morphic to S?. Therefore we know that

D™~ g2

Hence, A? is connected.

[INSERT] DR. DUNCAN: Implicit/Inverse Function Theorem Argument

0

We are now ready to state and prove our main result about the number of connected components of our fixed
point set.

Proposition 2. The fixed point set of the 2-nd power of ®*, has three connected components.

Proof. With
3

Fix((®%)*) = {(AZ-,Bi) eSu@) : [][Ai Bi] =1, ([As, Bs]A1)® = (A1)%, [(A1)?, As] =1, [(A1)?, Bs] = I}

i=1

we begin by recalling that

Fix((®%)") = 0 (AL) U (0 M (D) Up~H (=1) Up™(A2))
which is equivalent to

Fix((®)7) = |J {Ad x 75, I} x FF u{-D}x F5 0 | {47} x Py,
AreAy AlleA?
Now, by a previous lemma we know that the preimage over all A; whose 2-nd power is non-central
in SU(2),
—1( 42
(A3 = U (<7,
AlE.Ai6

has two connected components. By a previous lemma we know that the preimage over all A; whose
2-nd power is equal to the identity,

pHAL) =} x Ff U =D} x FY

has four connected components. Finally, by a previous lemma we know that the preimage over all
A1 whose 2-nd power is equal to minus the identity,

_1 A2 U { {}xf;,l,

AleA?
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has one connected component. With this, we note that

U (A xFi, u{Ix Ff u {1} x Fr U | {47} % ;,1,
AreAy AfeA?

is by construction a disjoint union, as necessarily our A; arguments, which parametrize each indi-
vidual fixed point stratum set, cannot agree. Therefore, we get an upper bound for the number
of connected components of our fixed point set by adding the number of connected components
from each respective preimage, that is, we get that our fixed point set has at most seven connected
components However, this is just an upper bound and in fact we claim that the actual number of
connected components for our fixed point set is much lower. To refine this upper bound on the
number of connected components of our fixed point set we will leverage the fact that the closure of
a connected set is connected and that if two connected sets intersect in their closure, their union
is connected. Thus with this it suffices to show that the intersection of the closures of specific con-
nected components, arising from fixed point stratum sets, are non-empty and thus come together
to form larger connected components. First, though, we need to identify which of our connect
components could potentially intersect in their closures. To do so let us consider our respective
fixed point stratum sets for arbitrary, A; € A%, A} € Ai, and AY € A% as these give rise to our
connected components. By definition we have

{A;} x fjfl = {A1} x {(Bl,AQ,BQ,A3,Bg) €8U(2)° : [A1,B1] = [AQ,BQ]_17 [As, B3] = [(A1)% As] = [(41)%, Bs] =1

3
{A} x F , = {A}} x {(Bl,Az,B%As,BS) € SU(2 H Ai,Bi| =1, ([A3,33]A/1)2 = I}
i=1
3 2
{Alll} X ’FX’I’ = {Alll} X {(BlvA27BQ7A37B3) S SU H AlaB 7 ([A3vB3]A/1,) = _I}
=1

Now since SU(2) is a compact Lie group, the closure of a set corresponds to the inclusion of all
points that can be approximated by sequences in the set. Since the relations on that set are
continuous, any limit point will satisfy those relations as well. Thus if the closures of two subsets
of SU(2) intersect, the points in the intersection must satisfy the relations of both sets. With this
we observe that for each fixed point stratum set in the union

p Ay = U {4} =7y
A1E.A2

we have that A3 and B3 commute. Therefore, if we consider the closures of the corresponding two
connected components, were the closures of any of the other connected components arising from
our other two respective collections of fixed point stratum sets to intersect, they too must satisfy
this relation. By the proof of a previous lemma we know that

—1( 42
poHAL) = A < Ff U {1} < FY
has two connected components which satisfy this commutation relation. Additionally, for
(A2
(A2)= | {4} A/,
AIIEA%
it is connected and there are no restrictions on whether A3 and Bs should be aloud to commute, thus

it will satisfy this commutation relation. Note that it immediately follows that all relations for any
fixed point stratum set {A4;} X }“fl are satisfied, as by assumption, for each respective fixed point
stratum set in the latter preimages, we have by construction that (A’1)2 =1 and (A’l’ )2 = —1I, thus
trivially commute with A3 and Bs. It is important to note that these specific fixed point stratum
sets decorate the gaps in between the connected components of ;= (.Ai) in correspondence to their
respective open intervals along [0, 7] We claim that all of the special connected components of our
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fixed point stratum sets, that is the ones in which A3 and B3 commute, from our two respective
preimages

(AL ={I} x Ff U {-I} x F; and p ' (A%)= |J {47} x a
AlleA?

merge all of the connected components from our third preimage, to form one large connected
component. This claim may be verified through the previously mentioned intersection of the
closure argument. We will look at one case of this a note that we may repeat the argument to
sew together all of our target connected components. For this case, fix A; € SU(2). Then by

construction if (A1)2 = I we have that p~* (Al) = {A1} x FXI. Define the path
Ai(t): [0,1] — 7 1(SU(2))
where (Al(O))2 =1 and (Al(t))2 # 1 for t # 0. Now observe that
1 - +
lim =t (A1 (1)) € {A1(0)} < F,

Thus the intersection of the closures of the two sets is non-empty and so their union is connected.
As we mentioned this is true for all of our special connected components of our fixed point stratum
sets, thus we can connect our three special connected components in ;! (Ai) and two connected
components of p ! (Ai), to form one large connected component. This however is the extent of
this merging of connected components that we see from the general fixed point set. This is a result
of the following. Suppose that for some fixed A} € A%, and AY € A2 we had that

{A"} x f*,l N {4} x Fpy #0

that is the closures of at least one of the connected components from each of the respective connected
components from the fixed point stratum sets intersected. Then there would exist an element

(A1, By, Ay, By, A3, Bs) € {Al} x ]:X/l N {AT} X Fy

such that fil, B~1, A~2, Bg, /13 and B~3 satisfy the relations of each respective set, that is

3

[[[4.B] =1

(143, Bs)A1)* =1
(143, Bs)A1)* = -1

However, in SU(2) the 2-nd power of a matrix cannot simultaneously be equal to both the identity
and minus the identity. Therefore, there cannot exists an element

(AlaB~17‘4~27B~27A3vB~3) € {AII} X ]:Xll N {Alll} X ‘7:2’1'

and so we are unable to form larger connected components from any of the connected components of
each respective fixed point stratum set without the additional components from our other preimage.
Therefore the number of connected components in our fixed point set is three and so we are
done. O

3. COMPUTING POWERS OF @, (n = 3)
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o T, 0Tt an v [a, B3lonfas, B3] B1 > Bifas, B3]
a9 > (g 52 = /82
az = [as, Bslaraza; Hag, B3] 71 Bs + [as, Bsla1Bsa; Has, B3] 7!

o (T, OT’y_zl)2 :

o (T OT’y_zl)s :

aj — [043,53]a1[a3753]a1[a3,53] oy as, B3]

Bi = Brailas, B3] Lag as, B3]

a9 = Q9

B2+ 32

az [043,33]@1[043,53]&1043@{ las, B3]~ Oéfl[043753]_1
Bs + [as, Bs)ailas, BslaiBsa; Has, B3) " tay Has, 8] 7}

041'—>[063,/5’3]061[%,53]&1[&3,53]061[043,53] ay [a3,ﬁ3] oy Has, B3] 71

Br = Brarar|as, Bs)Lag as, B3] tay Has, Bs) 7

a9 = Q9

Bo = Ba

as'—>[043,33]041[613,53]041[&3,53]041043041 [z, B3] Oél as, B3]~} 041 as, B3]~}
Bs = [z, Bslan [as, Bs)an [as, Bs)ai Bsay Has, Bs] " tay Has, B3] tag H[as, B3] 7

3.1. Fixed Point Equations for (( " oTJQl)?’)*.

e On R(X,G) :

e On R(Z,G)/G :

3.2. Computing &3

=T

Ay — [A3, B3] A1[As, B3] A1[As, Bs]A1[As, Bs] "' A 1 [As, Bs] 7P A A, Bs] !

By — B1A1A1[A3, Bg]_lAl_l[Ag, B3]_1A1_1[A3, Bg]_l

A2 — A2

By — By

Ag — [Ag, Bg]Al [Ag, Bg]Al [Ag, Bg]AlAgAl_l [Ag, Bg]_lAl_l [Ag, Bg]_lAl_l [Ag, Bg]_l
B3 — [Ag, Bg]Al [Ag, B3]A1 [A3, Bg]AlBgAl_l [Ag, B3]71A1_1 [Ag, Bg]ilAl_l [Ag, Bg]il

T_lAlT — [Ag, Bg]Al [Ag, Bg]Al [Ag, Bg]Al [Ag, Bg]_lAl_l [Ag, Bg]_lAl_l [Ag, Bg]_l
TﬁlBlT — BlAlAl[Ag, B3]71A1_1[A3, B3]71A1_1 [Ag, Bg]il

TilAQT — Ag

TﬁlBQT — Bo

TilAgT — [Ag, B3]A1 [Ag, B3]A [A3, Bg]AlAgA [Ag, Bg] 1A1_1 [Ag, Bg]ilAl_l [A3, Bg]il
T_lBgT — [Ag, Bg]Al [A3, Bg]A [Ag, Bg]AlBgA [A3, Bg] 1A;1 [Ag, Bg]_lAfl [Ag, Bg]_l

-1 -1 -1
7 ° T’Yz © T’Yl © T’Yz © T’Yl © T’Yz :
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)
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[

! (a3, f3]aios
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= [as, Bslai[as, Bs]on [as, Bslarazay ' [Bs, 03]041_ B3, sl [Oé3 B3]~

= [as, Bs)ai]as, Bslai[as, Bslarazay Has, B3] " tag tas, Bs) tag Has, B3]

-1
a3

®*(a3) = [as, B3laa[as, Bslad[as, Bslarasa; Has, Bs) Loy Has, B3] tag Has, B3] 71
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a3

*(83) = [as, Bs)ai[as, Bslaias, Bslar Bsaq Has, Bs) tag  [as, B3] tag Has, Bs] 7!

3.3. Checking Relation.
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(a2, B2] [013,53]611[043,&]@1[@3,53]041[043753]041 [Oé?nﬁz] 0111[043,53] oy ag, B3]
(iv)  [ag, Bslai[as, Bslai[as, Bslaa[as, B ag Has, B3] ! 041 Yo, B3] 7! “1 0 Bray 51
(w2, Ba] [us, B3] s, Bs]ar s, Bs]a [, 53]% [a3,ﬁ3] ay [Oé3,53] oy Has, B3] 7!
) [, Bslan[as, Bslas[as, Bslar[as, B3] Lay  [as, Bs] 061 Yo, B3] 7! 041 LonBray B
(w2, B2] [043,,53]041[(137&]&1[0&3,/33]041[(13753]01 [as, B3] 7! 041 s, Bs) Loy Has, B3]
i) [as, Bslon[as, Bslaifas, Bslai[as, B3] taq as, B3] tay Has, Bs) tag oL 0]
o [ 35 an[as, Bslaa [as, Bs)ea [as, Bslag [0437ﬂ3] oy Has, B3] Loy as, B3]
i) [ovg, B3l [as, Bsla [as, Bslan (o, B3] ! 041 Yas, Bs]™ 0411[045,53] Loyt

ar[as, Bslar[as, Bslai [as, Bslag [as, Bs) tag Has, Bs] " tay Has, B3]

(viii)

4. GENERAL POWERS OF @

° T,YlOT,y;1 oA~ [043,53]041[@3,,33]71 B1 — P [043,53]71
Qg = Q2 B+ B2
az = [as, Bslaraza; Has, B3]~ Bs > [, Bslan Bsaq Has, B3]
o (T3, °T721)2 oape [043,53]041[03,53]01[013,53] oy Mag, B3]
B = Brau[as, B3] Loy as, 8] 7!
a9 = Q9
B2+ B2

043'—>[043753]041[%753]&1043041 (g, B3] 71 al as, B3]
Bs = [, Bslan [as, Bs)ar Bz Has, B3] Lag Has, Bs] 7!

o (T, OT7_21)32 011'—>[013,53]&1[03,53]&1[013,ﬁ3]0é1[043,/33] oy [03753]_laf1[a3,ﬁ3]_1
B+ Braqaras, B3] tag Has, Bs) " tag  as, B3]
a9 = Q9
B2+ B2
043'—>[043,53]041[(13753]041[@3,53]041043041 [z, B3]~ 041 as, B3]~ 041 as, B3]~
Bs = [, Bslan [as, Bs)an [as, Bsai Bzay Has, B3] ~tay Has, B3] ~tag Has, B3] 7
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° (T OT,le)n : a1 ([ag,ﬂg]al)nal (041_1[043,53]_1)n
Br = Bi(ar)” (ay Hes, Bs]71)"
Qg — (2
B2+ Ba
az — ([os, Bslar)” as (a7 as, B3] )"

Bs = ([as, Bslar)" Bs (a7 Has, B3)71)"

4.1. Fixed Point Equations for ((7}, oTle)”)*.

S
[ ] On R(E, G) . A1 — ([Ag, Bg]Al)nAl (AII[Ag, Bg]_l)n
B — B (Al)n(Al_l[Ag, Bg]_l)n
AQ — A2
BQ — BQ
Az — ([As, B3]A1): A (A71[As, 33]_1)2
B3 — ([As, Bs]A1)" By (A7 '[As, B3] 1)
e On R(E, G)/G : T_lAlT — ([Ag, Bg]Al)nAl (Afl[Ag, Bg]_l)n
T_lBlT — B, (Al)n(Al_l[A?” BS]_I)H
T_IAQT — Ag
T_lBQT — By
T~YA3T — ([A3, B3]A1)" A5 (A7 '[As, Bs]~Y)"
T~'ByT — ([A3, Bs]A1)" By (A7 '[A43, Bs]71)"
4.2. Proving General " Equations.
4.2.

Lemma 7. ®(([ag, B3]ar)") = (o, Bs]on)"” for every n € Z\ {0}

Proof. Fix n € Z\ {0}. We begin by noting that since ® is an automorphism it follows that
@(([o3, Ba]ar)™) = (@([az, B3)an))"”
= (@(las, B]) @ (ar))"
and thus it suffices to show that
D ([as, B3]) () = [as, B3lan
We will proceed with manual computations.
O ([az, B3))@(a1) = (azfzay ' B3 1)P(an)
= D(az)P(B3) ()P (53_1) (a )
= ®(a3)®(53) (®(a3)) " (2(83)) @ (n)
= [as, Bslarasa; as, Bs] ' as, /53}@1/33041 s, B3] as, Bslarag
oy Has, B3] Has, Bslai By Loy Has, B3] Has, Bslaa[as, B3]
= a3, Bs]arasBzog ' By Hos, Bs]
= [as, Bs]an [, Bs][as, B3]
= [as, B3]oq
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Therefore
®([az, B3])P(a1) = [a3, B3lon

and so we are done.
Lemma 8. ®((aj [, 83)71)") = (a7 ', B3] 71)" for every n € Z\ {0}

Proof. Fix n € Z '\ {0}. We begin by noting that since ® is an automorphism it follows that
®((ay fas, Bs] 1)) = (®(aq o, B5] )"
= (®(a; )([es, B3] 71))"
and thus it suffices to show that
© (a7 )®([as, B 71) = ay o, B

We will proceed with manual computations.

®(ap )@ ([as, B3] 1) = @(ar ) P(BzasBy ez )
=®(a; )@ ( 3)®(a3)@(B51) (o)
= (B(a1)) " @(B3)®(03) (2(53)) " (B(ra))

= [as, Bs)a; Has, B3] Has, Bslar Bzag Has, B3] as, Bslatas

oy as, B3] as, Bsla1 By tay Has, B3] as, Bslaraz tag as, B3] 7

= [, B3]BsasBs taz tar as, B3]

= [a37/83][53aa3]afl[a3)63]_l
= [, Bs][as, B3] tag [as, B3]
= aj ', B3] !

Therefore
®(a; ) ®([as, B3] ") = aj Mo, Bs] !
and so we are done.

Now we will prove that our general equations hold:

o d"(ay) = ([az, Bs)ar) " ar (ay Mo, B3] ~1)"
Proof. We will proceed by induction. First we note that for n = 1 we have
(Jeus, BsJen ) o (a7 Has, B3] 71) = [as, Bslarana; Has, B3] = [as, Bslai[as, B3] !
which is our ®(«;) and thus our base case holds. Next, suppose that
" (ay) = ([as, Bs]ar) o (a7 [ag, B3] )"
for some n € Z~o. We wish to show that for n + 1
" (o) = ([043’53]041)%1&1 (afl[a:s’ﬁz]_l)nﬂ
We begin by noting that
" (o) = @ (2" (1))
thus by our induction hypothesis we have
®(0" (1)) = @ (([as, Ba)ar)"ar(aq as, Bs]7H)")
= ®(([a3, Bsan)") @ (1)@ ((y Has, B3] )")

33
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Now by our previous lemmas this becomes
" () = @(([az, B3)ar)™) @(ar) @ ( (a7 [z, B3] 7H)")
([evs, Bsar)" s, Bs)an [, B3]~ (g He, B3] 1)
a3, f3]a )n+1 s, B3]t (o Hes, B3] )"

= (1
= ([as, Bs)on)" 1a1(af1[a3,53]_1)n+1

and so we are done.

" (B1) = Bi1(cr)" (a ez, B3] ~H)"
Proof. We will proceed by induction. First we note that for n = 1 we have
Br(an) (ay Has, B3] 7Y) = Branay Has, Bs] ! = Bslas, B3] !
which is our ®(ay) and thus our base case holds. Next, suppose that
"(B1) = B1(ar)" (ay e, B3] )"

for some n € Z~q. We wish to show that for n + 1

d"(By) = By (041)71+1 (a7 Has, 53}_1)%1
We begin by noting that

" (B1) = @ (2" (B1))

thus by our induction hypothesis we have
(" (B1)) = @ (Br(cr)"(af Hevs, B3] ™)
= ®(B1)2((a1)")® (( fl[a37ﬁ3]71)n)
= (1) (®(0n)) " ®((o [as, B3] H)"™)
= Pilas, B3]~ 1([a3,63]a1[a3,[5’3]’1)"(051_1[043,,83]’1)”
= Bilas, B3] as, Bs](ar)" [as, Bs] 7 (ay Has, B3] 71"
= Bi(e1)" (o) o, B3] 71"

and so we are done.

@”(ag) = (/9

Proof. We note that under ® our «y is fixed, thus for any power of ® it remains fixed.

D" (B2) = B2

Proof. We note that under ® our 3, is fixed, thus for any power of ® it remains fixed.

" (ag) = ([os, B3)ar) "ag (o o, B3] 71)"
Proof. We will proceed by induction. First we note that for n = 1 we have
([es, Bslar)as(aq Has, B3] 1) = [as, Bslarazaq Has, 8]~
which is our ®(«s) and thus our base case holds. Next, suppose that
" (ag) = ([az, B3]ar) ez (a o, B3] )"
for some n € Z~y. We wish to show that for n + 1
1 _ _ 1
" (ag) = ([a3aﬁ3]a1)n+ az(ay ! [as, B3] 1)n+

We begin by noting that
" (az) = (9" (as))
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thus by our induction hypothesis we have
O(0"(a3)) = @ (([as, Balen)"evs(a; s, Ba] 1))
= ®(([a3, Baan)") @)@ (( 'ag, Ba])")
Now by our previous lemmas this becomes
" (a3) = (([as, fa)ar)") P(az) @ ((a; [as, B3] 7)")
= ([as, Bs)ar) " [as, Bslarasar as, B3] (ag Has, B3] 71)"
= ([a3,53]a1)n+1&3(af1[013,53]_1)n+1

and so we are done. O

o d"(B3) = ([as, Blan) " Bs (g Has, B3)71)"
Proof. We will proceed by induction. First we note that for n = 1 we have
([os, Bs)ar) B3 (g Hes, B3] 1) = [as, Bs]anBsaq Has, B3]

which is our ®(«s) and thus our base case holds. Next, suppose that

" (B3) = ([as, Bslan)" B (g Mo, B3] )"
for some n € Z~y. We wish to show that for n + 1

"t (B3) = ([043,[33]061)n+153 (061_1[063753]_1)n+1
We begin by noting that
" (B3) = @ (0" (83))

thus by our induction hypothesis we have
(0" (Bs)) = @ (([as, Bsler)" Bs( e, Bs] ™)
= ®(([as, B3)an)") @ (B3)@((a7 s, B3] 1))

Now by our previous lemmas this becomes
" (Bs) = @ (([os, Bslon)") @(B3) @ (o7 [exs, B5]1)")
= ([a3, Bs)on) " s, B3] Bsay H[as, Bs] ™ (ag Has, B3] 71)"

— ([ag, Balar) ™ Bs (o Mava, B) )"

and so we are done. OJ

4.3. Computing Fix((®")*).

[ ] A1 .
A= Ay
A= (An)"Ar (A1)
A1 _ Al (Al)nflAl (Al_l)n
A =4
[ ] Bl .

By = By ()" (A7 [A3, By )"
I=(A1)"(A;'[As, Bs] )"
(43, Bs]A1)" = (41)"
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o As:
Az = As
As = (A41)"As(A71)"
A3(A1)" = (A1)" A3
(A1), A3] =1
e Bj3:

By = (A1)"Bs(Ar1)"
B3(A1)" = (A1)"Bs
[(A)™, Bs] =1

Therefore, with the relations

([43, Bs]A1)" = (A1)"
(A1), As] =1
[(A)™, Bs] =1

* o

our fixed point set for the map (<I>”)* = ((T,y1 o Tv_Ql)”) is defined as follows

3
Fix((®")*) = {(A,-,Bi) €SU©2)® : [][Ai,Bi] =1, ([4s,Bs]A1)" = (A1)", [(A1)", As] =1, [(A1)", Bs] = I}

i=1
Now, observe that (A;)™ is involved in three of our four relations, and that based on this A; essentially determines
the other five entries. Thus define the map

p: Fix((@™)*) — SU(2)
given by
(Al,Bl,AQ,BQ,Ag,B3) — A
First, note that p is a restriction of the projection map
p:SU(2)* — SU(2)

which we know to be continuous as projections in the product topology are continuous, thus p is continuous. Next
we claim that p is surjective.

Lemma 9. The map
p: Fix((@™)*) — SU(2)

(A1, B1, Ay, By, A3, Bs) — Ay

18 surjective

Proof. Fix n € Z\ {0} and let A; € SU(2). Now we wish to find corresponding By, As, Ba, A3, Bs €
SU(2) such that the 6-tuple lies in our fixed point set, that is

(A1, B1, Ag, Bo, A3, B3) € Fix((®")")
To do so let us consider the relations that these matrices must satisfy
[T [A B =1
([4s, BsJAr)" = (Ar)"
[(A1)", As] = [(A)", Bs] = 1
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Observe that for the second and third relations, if we take both A3 and Bj3 to be the identity matrix
then these two are satisfied. Furthermore, for the product of the commutator relation, with our
choices of A3 and Bjs, this becomes

[A1.B1] = [A2, By]

Thus, we may choose our By, Ao and Bs such that this equality holds, for simplicity’s sake again
set them equal to the identity. With this 6-tuple

(A17 IBlaIA27 IBQ? IA37 IB3)

we have shown that it satisfies the relations in our fixed point set and thus for arbitrary 4; € SU(2)
have found a corresponding element of our domain. Therefore, our map p is surjective. O

Having shown that our map p is a continuous surjection, we now wish to use it to classify our fixed point set. To
do so we first define the following sets in SU(2) based on our possible values of (Al)n. Let
Al = {A; €850(2) : (Al)n # I}
be the set of all A; whose n-th power is non-central in SU(2) and let
1o={4,€8U(2) : (A1)" =+I}

denote the set of all A; whose n-th power is central in SU(2). However, note that we can further partition this
second set into the following two subsets,

To={A4,€80Q2) : (A)" =1}
and
A" = {Al € SU(Q) : (Al)n = —I}
We may note that by construction, these three sets partition SU(2) as they represent the collection of fibers of the
n-th power map. Now, with these sets we may consider their preimages under our map u, notably,
pt(AL) = {(A1, B1, Ay, By, A3, Bs) € Fix((®")*) : (41)" # I}
and
p (AL = {(A1, By, As, By, A3, Bs) € Fix((®")*) : (A1)" = £1}
which we can represent as
po(AL) = (A UpTH(AD)
with
pt(AL) = {(A1, By, As, By, A3, Bs) € Fix((®")*) : (Ay)" =1}
and
pH(A") = {(A1, B1, As, Ba, A3, B3) € Fix((®™)*) : (A1)" = —1I}
Since p is a continuous surjection and as previously noted our characterization sets, .A;lé and A"l partition SU(2),
it follows that our fixed point set may be expressed as the union of these respective preimages, that is

Fix((@")") = pH(AR) Ut (AL) = i (AR) U (0 (AT) U T (AZ))
Therefore, in order to classify the connectedness of our fixed point set, it suffices to investigate the connectedness
of these preimages. First, we will consider the preimage over the collection of Ay such that their n-th power is a
non-central element of SU(2). To do so lets fix A; € A%. Then, we will consider our original relations from the
fixed point set. We begin by noting that by our last two relations, we know that (Al)n commutes with both Aj
and Bjs. Thus, by definition A3 and Bjs are in the centralizer of (Al)n. Since (Al)n is assumed to be a non-central

element, its centralizer is a maximal torus in SU(2). It follows that both A3 and Bj lie in this maximal torus.
Recall that every maximal torus is abelian, hence, A3 and B3 must commute, that is

[As,Bs] =1
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Now we may consider the product of the commutator relation, noting that with As and B3 commuting our
expression simplifies as follows

AL B =1

(A1, By] [Ag, Bg] [A3,B3] =1

[A1, Bi][A2, Bo] = 1
[A1,Bi] = [A2732}_1

Next lets examine our second relation. Observe that since the commutator of A3 and Bs is in the center of SU(2),
then it commutes with A; and so we may distribute the exponent and realize that this relation is trivial. Therefore,
for each A, € .A;fé we can express its corresponding stratum of the fixed point set as

{Al}XFfl = {Al}x{(Bl,Az,Bg,Ag,Bg) S SU(2)5 : [Al,Bl] = [AQ,BQ]_17 [A3,Bg] = [(Al)n,Ag] = [(Al)n,Bg] = I}

Hence, the preimage ,u_l(A;‘f) can be represented by the union of over all such A; € Al of these corresponding
fixed point stratum sets, that is

Ay = U {Aarx A

AleA;

Next, we will consider the preimage over the collection A; such that their n-th power is a central element of SU(2).
To do so lets fix A; € A%. Then, we will consider our original relations from the fixed point set. We begin by
considering the product of the commutators relation, noting that we cannot simplify this with the extra condition
on Ap, and so we move on. Next lets examine our second relation. Observe that by our intial assumption on Aj
this relation simplifies to

([A3, Bs]A1)" = +1

Finally, examining our last two relations, since (A;)" commutes with every element of SU(2), then these relations
are trivial. Thus for each A; € A} we can express its corresponding stratum of the fixed point set as

3
{Al} X ‘7:1:4t1 = {Al} X {(Bl,AQ,BQ,Ag,Bg) (S SU(2)5 : H [AuBz] = I, ([Ag,Bg]Al)n = :EI}
i=1

However, as we previously observed, we can split A" into two subsets, A" and A”. Therefore, for each A} € A%
we can express its corresponding stratum of the fixed point set as

3
{Ai} < 71 = {4} x {(BI,A2,BQ,A3,33 )esu@)?® : [][4,Bi] =1, ([Ag,Bs]A’l)”zf}
i=1

Likewise, for each A € A™ we can express its corresponding stratum of the fixed point set as

3
{A } A = {Alll} X { Bl,AQ,BQ,Ag,Bg) S SU H Al,B =1, ([Ag,Bg}A”) = —I}
=1

Now, note that these two fixed point stratum sets are disjoint as their corresponding characterization sets A’} and
A" are disjoint and so the A; arguments of each respective set cannot agree. Hence, the preimage ;i (AQ‘E) can
be represented as the disjoint union of the two respective unions over all such A} € A and A7 € A" of these
corresponding fixed point stratum sets, that is

T {4} x F}, U U Ay x 7 a
AleAn AleAn

Now that we have described each respective preimage of p which partition our fixed point set. We may observe
that our fixed point set can be represented as the disjoint union of three respective unions of our fixed point
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stratum sets, {A;} x fiﬁ, {A]} x .7-";{,1, and {A7} x .7-'2,1,, over our A; characterization sets, A7, A"}, and A”".
That is, from our original representation

. -1 -1 -1

Fix((@")7) = u~ ' (A}) U (p(AL) U p ' (AL))
we have that
Fix((@")) = (J {4} xFy, v |J {41} % Fiou U Ay < Fy

AreAy AjeAn AfeAr
Due note that this is technically a disjoint union of these respective unions as by construction the A; argument
of each respective collection of fixed point stratum sets cannot agree. Therefore, as we attempt to classify the
connectedness of our fixed point set for arbitrary powers of n, it suffices to determine the connectedness of each

collection of fixed point stratum sets respectively. We will begin by investigating the connectedness of the preimage
of our characterization set A", that is

Ay = | (Al x FR

Ay EA;I6

To do so we first consider each individual fixed point stratum set {A;} x ]:fl.
Lemma 10. {4;} X Ffl is connected for every Ay € A%, n € Z\ {0}

Proof. Fix n € Z\ {0} and fix A; € A%. With

{A}xF} = {Al}x{(Bl,Ag,Bg,Ag,Bg) € SU(2)° : [A1,B1] = [A9,Bs] ", [A3,Bs] = [(41)", 43] = [(A1)", B3] = 1}

we begin by noting that the singleton set {A;} is connected in SU(2) and the product
+
{Ai} x F, A
is homeomorphic to ]-'fl, as it is just a copy of this set at A;. Thus to determine the connectedness

of the fixed point stratum set, it suffices to show the connectedness of ffl. With this, we first
define
Bﬁl = {(Bl,Ag,Bg) (S SU(2)3 : [Ag,Bg] = [(Al)n,Ag] = [(Al)n,Bg] = I}
Now consider the map
i *

T fAl —> BA1

given by
(B, Ag, By, A3, Bs) — (B, As, Bs)
Note that 7 is a restriction of the projection map
p:SU(2)° — SU(2)3

which we know to be continuous as projections in the product topology are continuous, thus =« is
continuous. Additionally, we claim that 7 is surjective. To see this, take (Bl, As, B3) € Bf‘fl. By

the definition of Bfl, we have
[A3,B3] =1  [(A)"As] =1  [(A)", B3] =1

Thus our goal is to find an Ay, By € SU(2) such that the 5-tuple (Bl, Ao, Bo, Az, Bg) lies in ]-'fl.
That is
[41,B1] = [A2,Bo]
Define
Ay = Afl and By := Bfl,
note that since SU(2) is a group, then Ag, By € SU(2). Now, observe that

[41,B1] = AiB1AT By = A7 By Ay By = [Ag, By
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Hence along with the assumed commutation relations in Bi, it follows that
(B1, A2, Ba, A3, Bs) € }"ffl

and thus

7T(B1, Ag, BQ, Ag, Bg) == (Bl, Ag, Bg)
so 7 is surjective. Now that we have established that 7 is a continuous surjection, let us consider
the fibers of this map. Given a point (317 As, Bg) € Bfl, the fiber over this point is defined as

7Y (B1, A3, By) = {(B1, Az, B, A3, Bs) € F}, }
Note that since in ]-'jfl the only relation involving (Ag, Bg) is
[42.B2) = [41,B1]
we may fix (Bl, As, Bg) € Bﬁ and define the map
¢ (B, A3, Bs) — {(As, Ba) € SU(2)? : [Ao, Bo] = [A1, By] 7!}

given by
(B17A27B27A3733) — (A27BQ)

Since we fixed our fiber, acting as the domain, by the uniqueness of inverses in SU(2) our map 1) is
well-defined and surjective. Moreover, by this uniqueness property and the fact that we fixed our
By, A3 and Bs arguments, we must have that the map is injective, thus 1 is a bijection. Now we
observe that 1) is a restriction of the projection map

p:SU(2)> — SU(2)?

which we know to be continuous as projections in the product topology are continuous, thus %) is
continuous. Furthermore, ¢)~! is a restriction of the inclusion map

i:8U(2)% — SU(2)°
which we know to be continuous as inclusions in the product topology are continuous, thus ¢! is
continuous. Therefore, ¢ is a homeomorphism, that is
7Y (B1, A3, Bs) = {(A2, B2) € SU(2)? : [As, Bo] = [A1, B1] '}
Importantly, observe that
{(A2,By) € SU(2)? : [Ag, Bs] = [A1, B1] '}

is just a fiber over the commutator map of SU(2) and thus is connected. Since we have shown
that an arbitrary fiber, 7=!(B1, A3, B3), is connected, it follows that the fibers of our map 7 are
connected. Therefore, 7 is a continuous, surjective map with connected fibers from our total space
ffl into our defined base space Bﬁl. Thus, we will now investigate the connectedness of this base

space Bil. To do so let us first examine the commutation relations in Bfl, noting that
[As, Bs] = [(A1)", A3] = [(A1)", B3] =1

implies that As, B3 commute. Recall that any two elements of SU(2) commute if and only if they
lie in the same maximal torus, which in SU(2) is conjugate to the subgroup of diagonal matrices.
Let T denote a maximal torus in SU(2),

T = {(‘f e9i9> .0e [0,271')}

Since As, B3 commute, there exists g € SU(2) such that
gAsg~', gBsg €T
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This follows from the fact that all maximal tori in SU(2) are conjugate and every element is
contained in some maximal torus. Therefore, the set of commuting 2-tuples in SU(2) is

4 = {(as.bs) € SU(2)? : [az, bs] = I}
= {(gt1g” ", gtag™") : g €SU(2), t1,t € T}
We wish to show that Cfl is connected, in order to do so we define the map
Q:SU@2) x T* — ¢
by

Q(g, (t1,t2)) = (9trg ™", gtag™").

Observe that the domain of the map, SU(2) x T?, is connected since SU(2) is connected, T is
connected, and the finite product of connected spaces is connected. Therefore, it suffices to show
that ) is continuous and surjective, as the image of a connected space under a continuous map
is connected. We begin by verifying the surjectivity of Q. Let (as,b3) € Cil, then there exists

g € SU(2) such that

1

g lasg, g 'bsg € T.

This follows from the fact that all maximal tori in SU(2) are conjugate and every element is
contained in some maximal torus. Now, if we set

t1=g 'asg and  ty =g 'bsg.

then every element of Cfl is in the image of SU(2) x T? under € and so the map is surjective. For the
continuity of the map, we note that €2 is defined on group operations, multiplication and inversion,
which are smooth in SU(2), and so the map is continuous. Hence, Cfl is connected. Now, there

are no relations involving Bj in the definition of Bﬁl, therefore, for any fixed commuting 2-tuple
(As, Bs), By can be any element in SU(2). Thus,

Bh =Ch x SU(2).

We know that SU(2) is connected and we have just shown that Cfl is connected, therefore, since

the finite product of connected spaces is connected, it follows that Bfl is connected. To recap, we
have shown that there is a continuous surjection

T ]:jfl — Bﬁl

with non-empty, connected fibers. Therefore, since the base space Bﬁl is connected, it follows that

fjfl is connected. Hence the entire fixed point stratum set
*
{A} x F7,
is connected. 0

We have now shown that for our preimage over the characterization set A;Lé each fixed point stratum set is

connected. So to determine the connectedness of p = (.Ai) we need to consider the union of all such fixed point
stratum sets over our characterization set.

Lemma 11. H_I(A;‘é) = UAleA’;E{Al} X ]:fl has |n| connected components for every n € 7\ {0}
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Proof. Fix n € Z \ {0}. We begin by noting that by the previous lemma, we know that for each
A € A;Lf our corresponding fixed point stratum set

is connected. Thus the remaining determination of the connectedness of our preimage
pH(Ay) = U (A< A
AreAy
depends on that of the parameter space, our characterization set Agé. Now with
7;116 = {Al S SU(Q) : (Al)n 75 :EI}
let us recall that this is merely the union of fibers of the n-th power map of SU(2). Thus we will
consider this map,
pn : SU(2) — SU(2)
given by
Z — 7"
Observe that since p,, is surjective
AL =SU@2)\ (p, (1) U py ' (=1))
Thus let us examine
SU@2)\ (p (1) U p, (1))
Note that for any W € SU(2) \ (p,*(I) U p,'(—1)), W is diagonalizable and can be written up

to conjugation as
e? 0
WN(O e_i9>’ 6 € [0, 7]

Now this represents the conjugacy class determined by the eigenvalues (e, e~%), which by our
condition on W that

(w)" #1
must satisfy ‘ '
(ew)n #+1 = ™ £ +1 < nf#0 (mod )

Therefore, we have

k

0+ kez

n
Due to the equivalence under conjugation of § ~ —@ and 6 ~ 6 4+ 27 in SU(2), we only consider
0 € [0, 7]. Removing all such angles from our interval [0, 7] for 0 < k < n we are left with n open

intervals
03) (2 2) o (5520
n n’ n n

Now, we claim that each of these open intervals corresponds to a connected component of
SU2)\ (p,' (1) U p, ' (=)

[INSERT] DR. DUNCAN: Implicit/Inverse Function Theorem Argument

With this we have shown that ,u_l(.A@ has |n| connected components for every n € Z \ {0}. Thus it is left to
classify the connectedness of our two remaining preimages which partition our fixed point set. To do so, first we
will consider our fixed point stratum sets which arise in the case where the n-th power of A; is in the center of

O

SU(2), specifically when it is equal to the identity.

7]
_[J
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Lemma 12. For everyn € Z \ {0} and Ay € A%, {A1} x FXI has
i
1
Bk

Proof. Fix n € Z\ {0} and fix A; € A”}. With

connected components

3
{A1} x Ff = {A1} x {(Bl,142,32,143,193 € SU(2 H Ai, Bl =1, ([A3, Bs]A)" = I}
=1

we begin by noting that the singleton set {A4;} is connected in SU(2) and the product
{A1} x FJ,

is homeomorphic to ]-"Xl as it is just a copy of this set at A;. Thus to determine the connectedness
of the fixed point stratum set, it suffices to show the connectedness of .7-"21. With this, we first
define
le = {(Bl,A3, Bg) € SU(2)4 : ([A3, Bg]Al)n = I}
Now consider the map
T ]:Xl — le
given by
(Bl, A2, BQ, Ag, Bg) — (Bl, Ag, Bg)
Note that 7 is a restriction of the projection map

p:SU(2)°> — SU(2)3

which we know to be continuous as projections in the product topology are continuous, thus 7 is
continuous. Additionally, we claim that 7 is surjective. To see this, take (Bl, As, B3) € le. Then

by the definition of BXI, we have
([4s, Bs|A1)" =1

Thus our goal is to find an A, By € SU(2) such that the 5-tuple (By, Az, By, A3, Bs) lies in ]-'Xl,

that is
[A2, By] = [A1,B1] "' [43,B3] ™

Recall that every element in SU(2) can be expressed as a commutator. Hence, because
[AlvBl]il [A37B3]71 € SU(2)
then by the surjectivity of the commutator map in SU(2), there exists an X, Y € SU(2) such that
~1 ~1
[X,Y] = [A1, B1] |43, Bs]

Define
Ay =X and By :=Y.

Now, observe that
[Ala Bl:| |:X7 Y} |:A37 B3:|

= [40, B ([, B1] ' [ 45, Bs] ) [As, By

= ([41, BJ] [A1. B1] ) ([As. B3] ' [As. Bs))
=1
Hence along with the relation in B+1, it follows that

(B1, Az, By, A3, B3) € F,



44

CONTENTS

and thus
7(By, Az, By, A3, Bs) = (By, A3, B3)
so 7 is surjective. Now that we have established that 7 is a continuous surjection, let us consider
the fibers of this map. Given a point (Bl, As, B3) € BXI, the fiber over this point is defined as
a1 (Bl, As, Bg) = {(Bl, Ay, By, Az, Bg) S ]:Xl}

Note that since in ]-"Zl the only relation involving (Ag, Bg) is the product of the commutators,

which we can express as

[A2, Bo] = [A1, Ba] ' [4s, Bs]

we may fix (Bl, As, B3) € le and define the map
¢ Y (By,As, Bs) — {(As, Ba) € SU(2)* : [Ag, Bo] = [A1, B1] '[A3, Bs] ™'}
given by
(B, Ag, By, A3, B3) +— (A, Bs)
Since we fixed our fiber, acting as the domain, by the uniqueness of inverses in SU(2) our map 1) is
well-defined and surjective. Moreover, by this uniqueness property and the fact that we fixed our

Bi, A3 and B3 arguments, we must have that the map is injective, thus ¢ is a bijection. Now we
observe that 1 is a restriction of the projection map

p:SU(2)° — SU(2)?

which we know to be continuous as projections in the product topology are continuous, thus 1 is
continuous. Furthermore, ¢)~! is a restriction of the inclusion map

i:9U(2)> — SU(2)°
which we know to be continuous as inclusions in the product topology are continuous, thus ¢! is
continuous. Therefore, v is a homeomorphism, that is
7 1(B1, A3, B3) = {(A2, Bo) € SU(2)? : [As, By] = [A1, B1] '[43, Bs] '}
Importantly, observe that
{(As, Bo) € SU(2)? : [Ay, By] = [Ay1, B1] '[A3, B3] ™'}

is just a fiber over the commutator map of SU(2) and thus is connected. Since we have shown
that an arbitrary fiber, 7=1(By, A3, B3), is connected, it follows that the fibers of our map 7 are
connected. Therefore, 7 is a continuous, surjective map with connected fibers from our total space
.7-";{1 into our defined base space BXI. Thus, we will now investigate the connectedness of this base

space le. To do so consider the n-th power map of SU(2)
pn : SU(2) — SU(2)

given by
Z — Z"

Let us examine the fiber over the identity
p, (I)={X eSU2) : (X)"=1}
Note that for any X € p,'(I), X is a matrix in SU(2), so it is diagonalizable and can be written

up to conjugation as
e? 0

Now this represents the conjugacy class determined by the eigenvalues (e
condition on X that

# ¢~ which by our

(X)" =1
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must satisfy
(610)7"0 —1 = ¢ 1 — ne=0 (mod 27)

Therefore, we have

6:@, kel
n

However, due to the equivalence under conjugation of § ~ —0 and 6 ~ 6 + 27 in SU(2), we only
consider ¢ € [0, 7]. Thus,

O<@§7r == OSKSVT;’J

= Inf
and so k=0,1,..., L@J Hence our possible eigenvalue pairs are
2wk —i2nk
{eW, e Inl } where k=0,1,..., VHQ‘J

Since in SU(2), two matrices are conjugate if and only if they have the same eigenvalues, these
pairs form distinct conjugacy classes. So this fiber is equal to the union of the conjugacy classes of
the diagonal matrices with these distinct eigenvalues, that is

5

+
Dk

k=0

where

2wk —i27k
n|

Df = {Udiag (eW,eli) Ut UeSU(2)}

Now, from our relation we know that [As, B3] A; lies in this fiber of the n-th power map, thus
5
[A3, B3]A; € U D;f
k=0

Recall that the single element class {I} is connected and that every conjugacy class of a non-central
element in SU(2) is connected and homeomorphic to S2. Therefore we know that

D,j is connected for every k=0,1,..., V?J

However, it is important to note that

El

L

k

|

0

o

+
Dk

is a disjoint union, thus consists of L@J + 1 connected components. Therefore

)
U pf={rjus’uy.--us
k=

0 In]] ..
2 times

Now note that Bj is not involved in the relation in le and so it is unconstrained in SU(2). We do
have, however, that A3 and Bs are involved this relation, thus we will consider the map
A :SU(2)? — SU(2)

given by
(A3, Bs) +— [As, B3| A;

45
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Observe that this is a continuous map as it is defined on a group operation, multiplication, which
is smooth in SU(2). The key observation is that by our relation on BXI we have that

(B1,As,Bs) € BY, <= A(A3,Bs) €p,"(I)
Therefore,
B, =SU@) x A (0, (D)
and hence we can express le as the disjoint union of P ‘J + 1 subsets, that is
2]
Bi, =su@) x | U [a7(p)]

k=0

Since A is continuous and the continuous preimage of a connected set is connected, it follows that

ATH(DY)
is connected for each £k = 0,1, ..., L@J . Moreover, since SU(2) is connected and the finite product
of a connected spaces is connected, it follows that for each £k = 0,1, ..., L@J ,

SU(2) x A~H(D})
n|

is connected. Therefore, our set le has L—J + 1 connected components. So we have shown that
there is a continuous surjection

T le — le
with non-empty, connected fibers. Since every fiber is non-empty and connected, and the base space
BXI has L'nlJ + 1 connected components, it follows that F + has V”lJ + 1 connected components.
Hence the entire fixed point stratum set

{A1} x Fy
has LI”\J + 1 connected components. O

Having classified the connectedness of each individual fixed point stratum set corresponding to the fibers of
Ay € A under p, we now wish to consider the union so that we know the number of connected components of
the entire preimage.

Lemma 13. For every n € Z \ {0},
ph AL = | Al x F

(15]1)

Proof. Fix n € Z \ {0}. We begin by noting that by the previous lemma, we know that for each
Ay € A"} our corresponding fixed point stratum set

has

connected components.

3
{Al} X FXI = {Al} X {(Bl,AQ,BQ,Ag,Bg S SU H AZ,B ([Ag,Bg]Al)n = I}
=1
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has L%J + 1 connected components. Thus the remaining determination of the connectedness of
our preiamge
) = U (A x T
AjeAT
depends on that of the parameter space, our characterization set A”. Now with
n— {4 eSUR) : (A)" =1

let us recall that this is merely the fiber of the identity under the n-th power map of SU(2). Thus
we will consider this fiber, first defining the n-th power map,

pn : SU(2) — SU(2)

given by
Z — 7"
Now the fiber of the identity under this map is simply

p, (I)={X eSU2) : (X)"=1}
Now, for any X € p,*(I), X is a matrix in SU(2), so it is diagonalizable and can be written up to

conjugation as
e? 0
X ~ <0 6_i9> s 0 S [0,77]
160 e—i@)’

Now this represents the conjugacy class determined by the eigenvalues (e*,
condition on X that

which by our

(X)" =1
must satisfy
(ew)n =1 = ™ =1 <= nf =0 (mod 2r)

Therefore, we have

0:@, keZ
n

However, due to the equivalence under conjugation of § ~ —@ and 6 ~ 6 + 27 in SU(2), we only
consider 0 € [0, 7. Thus,

0<@§7r:> ngzgwgw

= nl
andso k=0,1,..., L@J Hence our possible eigenvalue pairs are
2wk —i27k
{e eI } where k=0,1,..., VZ'J

Since in SU(2), two matrices are conjugate if and only if they have the same eigenvalues, these
pairs form distinct conjugacy classes. So this fiber is equal to the union of the conjugacy classes of
the diagonal matrices with these distinct eigenvalues, that is

2

+

Dk
k=0
where
. 2wk —i27k _1
Df = {Udlag (e e ) Ul Ue SU(2)}

Now, recall that the single element class {I} is connected and that every conjugacy class of a
non-central element in SU(2) is connected and homeomorphic to S?. Therefore we know that

D,‘: is connected for every k=0,1,..., V;”J

47
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However, it is important to note that

s

{

k

|

0

C

+
Dk

is a disjoint union, thus consists of L%J + 1 connected components. Therefore

5]
D =2 {Iyusu.--us?

k=0 In]] ..
2 times

Hence, A has [@J + 1 connected components.

El

C

[INSERT] DR. DUNCAN: Implicit/Inverse Function Theorem Argument

g

We have now successfully classified the connectedness of two of our three preimages. Thus we turn our attention
to the final preimage which in part partitions our fixed point set. To do so, first we will consider our fixed point
stratum sets which arise in the case where the n-th power of A; is in the center of SU(2), specifically when it is
equal to minus the identity.

Lemma 14. For everyn € Z\ {0} and Ay € A%, {A1} x F has

LESTe

Proof. The proof follows very similarly to that of the ]-":{1 case. Therefore, again fix n € Z \ {0}
and fix A; € A”. With

connected components

3
{Al} X .7:21 = {Al} X {(Bl,AQ,BQ,Ag,Bg) € SU(2)5 : H [Azsz] = I, ([Ag,Bg]Al)n = —I}

i=1
we begin by noting that the singleton set {A;} is connected in SU(2) and the product
{Ai} x Fy,

is homeomorphic to F, as it is just a copy of this set at Aj. Thus to determine the connectedness

of the fixed point stratum set, it suffices to show the connectedness of F, . With this, we first
define

By, = {(Bi, A3, B3) € SUQ2)" : (|43, Bs]A1)" = —1}
Now consider the map
i Fa 7 Ba,
given by
(B1,A2,BQ,A3,B3) — (Bl,Ag,Bg)

Note that 7 is a restriction of the projection map

p:SU(2)° — SU(2)®
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which we know to be continuous as projections in the product topology are continuous, thus w is
continuous. Additionally, we claim that 7 is surjective. To see this, take (Bl, As, Bg) € BATI. Then

by the definition of 5, , we have
([As, Bs]A;)" = —I

Thus our goal is to find an A, By € SU(2) such that the 5-tuple (By, Az, Ba, A3, Bs) lies in Fa,s

that is

[A2, Bo] = [Ar Ba] ' [4s, Bs]

Recall that every element in SU(2) can be expressed as a commutator. Hence, because
(44, 31]_1 [As, Bs] L esu()
then by the surjectivity of the commutator map in SU(2), there exists an X, Y € SU(2) such that
[X,Y] = [A1,By] ' [A3,Bs]
Define
As =X and By :=Y.
Now, observe that
[A1,B1][X,Y] A3, Bs]
= [A1, B1]([A1, B1] ' [As, Bs] ') [As, Bs]
= ([A1, B1] [A1, B1] ) ([4s, Bs] ' [A3, Bs])
=1
Hence along with the relation in B}, , it follows that
(Bi1, Ag, B, A3, B3) € F,
and thus
7(B1, Az, By, A3, Bs) = (B, A3, B3)
so 7 is surjective. Now that we have established that 7 is a continuous surjection, let us consider
the fibers of this map. Given a point (Bl, As, Bg) € B;h, the fiber over this point is defined as
7T—1 (Bla A3a B3) = {(B17 A27 B27 A37 B3) € ]:,Zl}

Note that since in F, the only relation involving (Ag, Bg) is the product of the commutators,

which we can express as

[A2, Bo] = [A1, Br] ' [4s, Bs]

we may fix (Bl, As, B3) € B, and define the map
7 (By, As, Bs) — {(A2,B2) € SU(2)* : [Ag, By] = [A1, B '[As, Bs] '}
given by
(B1, Az, By, A3, Bs) — (A, B»)

Since we fixed our fiber, acting as the domain, by the uniqueness of inverses in SU(2) our map 1) is
well-defined and surjective. Moreover, by this uniqueness property and the fact that we fixed our
By, A3 and Bs arguments, we must have that the map is injective, thus 1 is a bijection. Now we
observe that 1) is a restriction of the projection map

p:SU(2)> — SU(2)?

which we know to be continuous as projections in the product topology are continuous, thus 1 is
continuous. Furthermore, ¢/~! is a restriction of the inclusion map

i:80U(2)? — SU(2)°
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which we know to be continuous as inclusions in the product topology are continuous, thus ¢! is
continuous. Therefore, ¢ is a homeomorphism, that is

W_I(Bl,Ag,Bg) = {(AQ,BQ) S SU(2)2 : [AQ,BQ] = [Al,Bl]_l[Ag,Bg]_l}
Importantly, observe that
{(Ag, BQ) € SU(2)2 : [AQ,BQ] = [Al,Bl]il[Ag,Bg]il}

is just a fiber over the commutator map of SU(2) and thus is connected. Since we have shown
that an arbitrary fiber, 7=1(By, A3, B3), is connected, it follows that the fibers of our map 7 are
connected. Therefore, 7 is a continuous, surjective map with connected fibers from our total space
F, into our defined base space B . Thus, we will now investigate the connectedness of this base

space B . To do so consider the n-th power map of SU(2)
pn : SU(2) — SU(2)
given by
Z — Z"

Let us examine the fiber over minus the identity
p, (=) ={Y €SUQ2) : (Y)"=-I}
Note that for any Y € p,,}(—1I), Y is a matrix in SU(2), so it is diagonalizable and can be written

up to conjugation as
e? 0
Y ~ (0 e—i@) ) 0 e [077T]

Now this represents the conjugacy class determined by the eigenvalues (e?,e~%), which by our
condition on Y that
()" =1
must satisfy
(ew)n = -1 = ™ =_1 <= nf =7 (mod 2r)
Therefore, we have

9:7r+27rk: (2]{:—{—1)77, ke

n n
However, due to the equivalence under conjugation of § ~ —¢ and 6 ~ 6 + 27 in SU(2), we only
consider ¢ € [0, 7]. Thus,

()§(21€—1-1)7T§7T:>O§kS In| —1
[n 2
and so k=0,1,..., L'TL'TAJ Hence our possible eigenvalue pairs are

i(2k+1) 7 —i(2k+1)7 In|—1
e Il e I where k:O,l,...,{TJ

Since in SU(2), two matrices are conjugate if and only if they have the same eigenvalues, these
pairs form distinct conjugacy classes. So this fiber is equal to the union of the conjugacy classes of
the diagonal matrices with these distinct eigenvalues, that is

[
U ox

where
i2k+)m —i(2k+ D)7

D, = {Vdiag <e Il e Il )Vl Ve SU(Q)}
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Now, from our relation we know that [As, B3] A; lies in this fiber of the n-th power map, thus

o5
2
[Ag,Bg]Al € U ’D];
k=0
Recall that the single element class {—1I} is connected and that every conjugacy class of a non-
central element in SU(2) is connected and homeomorphic to S2?. Therefore we know that

-1
D,  is connected for every k£ =0,1,..., {|n|2 J

However, it is important to note that
25
U o
k=0

|”|_1J + 1 connected components. Therefore

2

5

U pr={jugu..us
k=0 {lnFlJ )
o times

Now note that By is not involved in the relation in B and so it is unconstrained in SU(2). We do
have, however, that A3 and Bs are involved this relation, thus we will consider the map

A :SU((2)? — SU(2)

is a disjoint union, thus consists of L

given by

(Ag, Bg) — [Ag, Bg] Aq
Observe that this is a continuous map as it is defined on a group operation, multiplication, which
is smooth in SU(2). The key observation is that by our relation on B, we have that

(Bi. A3, Bs) € By, <= A(As,Bs) € p,' (1)

Therefore,
o, =SU@2) x A7 (p, ' (—1))

and hence we can express B, as the disjoint union of U”‘TAJ + 1 subsets, that is

2]
L =5u@) x| [A—l(Dk—)}

k=0

Since A is continuous and the continuous preimage of a connected set is connected, it follows that

ATH(Dy)
is connected for each k£ = 0,1,..., VL‘T_IJ . Moreover, since SU(2) is connected and the finite
product of a connected spaces is connected, it follows that for each kK = 0,1, ..., LMTAJ ,

SU(2) x A™H(Dy)

n|—1
2

is connected. Therefore, our set B has { J + 1 connected components. So we have shown

that there is a continuous surjection

W:fAl — BA1

51
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with non-empty, connected fibers. Since every fiber is non-empty and connected, and the base
|n|—1 [n|—1 1
5 5— | + 1 connected

space B, has L J + 1 connected components, it follows that F has {
components. Hence the entire fixed point stratum set

{Ai} x Fy,
has VH‘TAJ + 1 connected components. [

Having classified the connectedness of each individual fixed point stratum set corresponding to the fibers of
A € A" under p, we now wish to consider the union so that we know the number of connected components of
the entire preimage.

Lemma 15. For every n € Z \ {0},
A = | Ay xFy

(551

Proof. Fix n € Z \ {0}. We begin by noting that by the previous lemma, we know that for each
Ay € A™ our corresponding fixed point stratum set

has

connected components.

3
{Al} X .7:21 = {Al} X {(Bl,AQ,BQ,Ag,Bg S SU H Az,B I, ([Ag,Bg]Al)n = —I}
i=1

has U"'Q_IJ + 1 connected components. Thus the remaining determination of the connectedness of
our preiamge
A = U (A= Fy
AjeA”
depends on that of the parameter space, our characterization set A". Now with
A = {A1 € SU(2) : (Al)” = —I}

let us recall that this is merely the fiber of the identity under the n-th power map of SU(2). Thus
we will consider this fiber, first defining the n-th power map,

n:SU(2) — SU(2)

given by
Z — Z"
Now the fiber of minus the identity under this map is simply
Pl (—1) = {Y €SU) : (V)" = I}

Now, for any Y € p,,}(I), Y is a matrix in SU(2), so it is diagonalizable and can be written up to

conjugation as
e? 0
Y ~ (0 e—i@) ) NS [O,ﬂ']

Now this represents the conjugacy class determined by the eigenvalues (e, e~%), which by our
condition on Y that
()" =1
must satisfy
ind

(ew)n:—l = " = -1 < nf# =7 (mod 27)
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Therefore, we have

0:7T+27Tk: (2/4:—1—1)71'7 ke
n n

However, due to the equivalence under conjugation of § ~ —6 and 6 ~ 6 + 27 in SU(2), we only
consider ¢ € [0, 7]. Thus,
2k + 1)m

0<
n|

<1 = 0<k< V‘;lJ

andso k=0,1,..., L'TL'TAJ Hence our possible eigenvalue pairs are

i(2k+1)m —i(2k+1)7 -1
{e Inl e Inl } where I{:zO,l,...,Vm2 J

Since in SU(2), two matrices are conjugate if and only if they have the same eigenvalues, these
pairs form distinct conjugacy classes. So this fiber is equal to the union of the conjugacy classes of
the diagonal matrices with these distinct eigenvalues, that is

|2
U o

where
i(2k+1)m —i(2k+1)7

D, = {Vdiag <e e Il >V1 Ve SU(Q)}

Now, recall that the single element class {—I} is connected and that every conjugacy class of a
non-central element in SU(2) is connected and homeomorphic to S?. Therefore we know that

-1
D,  is connected for every k£ =0,1,..., \‘|n|2 J

However, it is important to note that

52
Dy
k=0

is a disjoint union, thus consists of L|”|2—1J + 1 connected components. Therefore

g
U Dy =2{jugu. - us
k=0 \‘|n|2—1J times

Hence, A" has ['"'271J + 1 connected components.

[INSERT] DR. DUNCAN: Implicit/Inverse Function Theorem Argument

O

Having classified the connectedness of the three preimages which make up our fixed point set, we now turn our
attention to a few lemmas which will aid in our proof of our main result.
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Lemma 16. For every n € Z \ {0}, the preimage
_1 An = U {Al} X]:+

A€AT

5]+

connected components in which Az and Bz commute.

has

Proof. We begin by noting that it suffices to show that for each fixed point stratum set { A} x ]:Xl,

in only one of its
|
1
ik

connected components can Az and Bs commute. It would then follow that in taking the union over
our parameter space, the characterization set A’ , which in a previous lemma we showed has

Inl

2

+1

connected components, the preimage ;! (.A’}r), would have

n]
— 1
. 2 - +
connected components were A3 and B3 commute. Thus first we fix A; € A”}. Now recall that the
n]
— 1
5 +

connected components which arise from this fixed point stratum set

3
{Al} X ‘7:;{1 = {Al} X {(Bl,AQ,BQ,Ag,Bg) € SU(2)5 : H [A,L,BZ] = I, ([Ag,Bg]Al)n = I}
=1

are parameterized by that second relation, which corresponds to the stratification of the elements
of SU(2) whose n-th power is equal to the identity, according to their conjugacy classes. We saw
this in the proof of a previous lemma that

)

[Ag,Bg]Al S U D;r
k=0

where

D = {Udlag (ei%glk,eiliﬁk) Ul:Uc SU(2)}

By assumption (A;)™ = I, thus there are two cases to consider when determining when our Az, Bs
commutator equals the identity. The first case is when A; = +1. Note that this specific case is
dependent on the parity of n, however, due to the equivalence of X ~ —X under conjugation, for
X € SU(2), our argument is unaffected by this detail. Thus in this instance our relation becomes

([As, Bs]Ay)" = (£ [A3,B3])" =1
and so our commutator lies in the disjoint union of the conjugacy classes, that is

2]

+[A3, B3] € U Df
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However, if this is the case then we know that there is only one conjugacy class which contains the
identity, namely the singleton conjugacy class {I}. Thus we must have that only in the connected
component corresponding to this conjugacy class can A3z and Bs commute. Next in the case
where A; # +I, we leverage our assumption that (A;)" = I to observe that there exists an

(=1,2,..., L@J such that

27k —i27k

Ay €Df = {Zdiag (e e T ) 7. zZe¢ SU(Q)}

Note that as we previously mentioned, by our relation

2
[Ag,Bg] A€ U Dl:_
k=0
however, when As and B3 commute
[As, Bs] A
simply becomes A, which we know lies in the distinct conjugacy class Dz. Since our conjugacy
classes are disjoint, A; cannot lie in any of the other conjugacy classes and so only in Dzr can Ag
and B3 commute. Therefore we must have that only in the corresponding connected component of
this conjugacy class, A3 and B3 commute. Hence we are done. O

Next we will prove the analogous result for ;! (.A’l).

Lemma 17. For every n € Z \ {0}, the preimage

has

ptAn) = U (A x Fy
AreA™

LET

connected components in which Az and B3y commute.

Proof. We begin by noting that it suffices to show that for each fixed point stratum set {A;} x Fa,

in only one of its
Wi_l + 1
2

connected components can Az and B3 commute. It would then follow that in taking the union over
our parameter space, the characterization set A", which in a previous lemma we showed has

[ =1

1
5 +

connected components, the preimage ;= (A’l), would have
In| -1
2

connected components were As and B3 commute. Thus first we fix A; € A™. Now recall that the
In| -1
2

connected components which arise from this fixed point stratum set

+1

+1

3
{Al} X fgl = {Al} X {(Bl,AQ,BQ,Ag,Bg) S SU(2)5 : H [A,,Bz] = I, ([Ag,Bg]Al)n = —I}

i=1

55
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are parameterized by that second relation, which corresponds to the stratification of the elements
of SU(2) whose n-th power is equal to the identity, according to their conjugacy classes. We saw
this in the proof of a previous lemma that

5

[Ag,Bg] A€ U ’D;

k=0
where
i2k+1)m  —i(2k+1)7
D, = {Vdiag <e e Il )V1 Ve SU(2)}
By assumption (A;)™ = —1I, thus there are two cases to consider when determining when our As, B3
commutator equals the identity. The first case is when A; = —I. Note that this specific case is

dependent on the parity of n, however, due to the equivalence of X ~ —X under conjugation, for
X € SU(2), our argument is unaffected by this detail. Thus in this instance our relation becomes

([Ag,B3]A1)n = (— [Ag,Bg])n =7

and so our commutator lies in the disjoint union of the conjugacy classes, that is

o)

~[4s,Bs) e | Dy
k=0

However, if this is the case then we know that there is only one conjugacy class which contains
the identity, namely the singleton conjugacy class {—I}. Thus we must have that only in the
connected component corresponding to this conjugacy class can Az and B3 commute. Next in the
case where Ay # —I, we leverage our assumption that (A;)™ = —I to observe that there exists an

(=1,2,..., U"‘T_IJ such that

i2k+ )7 —i(2k+ D)7

A eD, = {Zdiag (e [ e Inl ) Zl: Ze SU(Q)}

Note that as we previously mentioned, by our relation

£
[A3, Bg] A1 € U 'D,;
k=0
however, when A3 and B3 commute
[As, B3] Ay

simply becomes A;, which we know lies in the distinct conjugacy class D, . Since our conjugacy
classes are disjoint, A; cannot lie in any of the other conjugacy classes and so only in D, can A3
and B3 commute. Therefore we must have that only in the corresponding connected component of
this conjugacy class, As and B3 commute. Hence we are done. O

We are now ready to state and prove our main result about the number of connected components of our fixed
point set.

Theorem 1. The fized point set of the n-th power of ®*, has

HE

connected components.
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Proof. Fix n € Z \ {0}. With

3
FIX(((I)H)*) = {(Az,Bl) c SU(2)6 . H [A’MBZ] == I, ([A3,Bg]A1)n == (Al)n, [(Al)n,Ag] = I, [(Al)n,Bg,] = I}
i=1
we begin by recalling that
Fix((@")7) = p~ ' (A%) U (n7(A}) U p7' (A2))
which is equivalent to
Fix((@")) = (J {4} xFy, u |J {41} % Fiou U Ay xFy
AreAy AjeAy AeAr
Now, by a previous lemma we know that the preimage over all A; whose n-th power is non-central
in SU(2),
AL = U (Al x A
AleAgé

has |n| connected components. By a previous lemma we know that the preimage over all A; whose
n-th power is equal to the identity,

pAL) = U A < F
ALeAn

(51

connected components. Finally, by a previous lemma we know that the preimage over all A; whose
n-th power is equal to minus the identity,

poH(AY) = U {Af} x Ar
AreAn

In| -1 ’
1
connected components. With this, we note that

U g xrFiu J 4 xrp v U 4anxF,

AleA;Lé A’l eAi A’{EAE

has

has

is by construction a disjoint union, as necessarily our A; arguments, which parametrize each indi-
vidual fixed point stratum set, cannot agree. Therefore, we get an upper bound for the number of
connected components of our fixed point set by adding the number of connected components from
each respective preimage, that is, we get that our fixed point set has at most

o (5] ) (12 )

connected components However, this is just an upper bound and in fact we claim that the actual
number of connected components for our fixed point set is much lower. To refine this upper bound
on the number of connected components of our fixed point set we will leverage the fact that the
closure of a connected set is connected and that if two connected sets intersect in their closure,
their union is connected. Thus with this it suffices to show that the intersection of the closures
of specific connected components, arising from fixed point stratum sets, are non-empty and thus
come together to form larger connected components. First, though, we need to identify which of
our connect components could potentially intersect in their closures. To do so let us consider our
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respective fixed point stratum sets for arbitrary, 4, € Ai, Al e A%, and A € A", as these give
rise to our connected components. By definition we have

{Al} X ]:jfl = {Al} X {(BI,AQ,BQ,Ag,Bg) € SU(2)5 : [Al,Bl] = [AQ,BQ] _1, [Ag,Bg] = [(Al)n,Ag] = [(Al)n,Bg,] = .

3
{A } X ]:X/ = {All} X {(Bl,AQ,BQ,Ag,Bg) S SU H Al,B =1, ([Ag,Bg]A/) }
=1
3
{AT} x ar = {A7} x { B1, As, By, A3, B3) € SU(2 H A, Bi] =1, ([As, Bs]A7)" = —[}
i=1

Now since SU(2) is a compact Lie group, the closure of a set corresponds to the inclusion of all
points that can be approximated by sequences in the set. Since the relations on that set are
continuous, any limit point will satisfy those relations as well. Thus if the closures of two subsets
of SU(2) intersect, the points in the intersection must satisfy the relations of both sets. With this
we observe that for each fixed point stratum set in the union
-1 _ *
p Ay = U {Aadx Ay
Ar1eAl
we have that As and Bs commute. Therefore, if we consider the closures of the corresponding |n|
connected components, were the closures of any of the other connected components arising from

our other two respective collections of fixed point stratum sets to intersect, they too must satisfy
this relation. By two previous lemmas we know that

= {41} x 7,

AjeAr

n]
+1
5
connected components which satisfy this commutation relation and that

—lAn_U{ A”

AleAn

LESTe

connected components which satisfy this commutation relation. Moreover, these connected com-
ponents which correspond with when A3 and Bg commute, will be of the form

{A }X ]: {All} X {(Bl,AQ,BQ,Ag,Bg) € SU(2)5 . [ ,I,Bl] = [AQ,BQ] _1, [Ag,Bg] = I}

has

has

{AH} X Ay T {AH} {(Bl,AQ,BQ,Ag,B3) S SU(2)5 : [ ll/,Bl] = [AQ,BQ] 71, [Ag,B;;] = I}

respectively. Note that it immediately follows that all relations for any fixed point stratum set
{A1} x ]-"fl are satisfied, as by assumption, for each respective fixed point stratum set in the latter
preimages, we have by construction that (A’l)n = I and (A )n = —1, thus trivially commute with
As and Bs. It is important to note that these specific fixed point stratum sets decorate the gaps in
between the connected components of p~! (Ag@) in correspondence to their respective open intervals
along [0, 7] We claim that all of the special connected components of our fixed point stratum sets,
that is the ones in which A3 and B3 commute, from our two respective preimages

M—l(A:L_): U {A}xf, and /fl(A?l): U {A}X A”

AL eAn AleAn
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merge all of the connected components from our third preimage, to form one large connected
component. This claim may be verified through the previously mentioned intersection of the
closure argument. We will look at one case of this a note that we may repeat the argument to
sew together all of our target connected components. For this case, fix A; € SU(2). Then by
construction if (Al)n = ] we have that u‘l(Al) = {A} % .FXI. Define the path

Ai(t): [0,1] — p1(SU(2))
where (A1(0))" =1 and (A1(t))" # £I for t # 0. Now observe that

lim =1 (A1 (1)) € {A T

lim p = (A1 (1)) € {A1(0)} x Fj,

Thus the intersection of the closures of the two sets is non-empty and so their union is connected.
As we mentioned this is true for all of our special connected components of our fixed point stratum

sets, thus we can connect our
In| In| —1
— 1 — 1
<{ 2 +1)+ 5 +

special connected components in p ! (Ai) and |n| connected components of y ! (.Ai), to form one
large connected component. This however is the extent of this merging of connected components
that we see from the general fixed point set. This is a result of the following. Suppose that for
some fixed A} € A", and A] € A" we had that

{A]} x ]-"*,1 N AT} x Fuy #0

that is the closures of at least one of the connected components from each of the

_1
V”;JH and {’”‘2 J+1

respective connected components from the fixed point stratum sets intersected. Then there would
exist an element

(A1, By, Ao, By, A3, Bs) € {A}} x ]:+/1 N {A7} x A

such that /L, B~1, ANQ, B~2, fig and .B~3 satisfy the relations of each respective set, that is
3

[[14.B] =1

i=1
([A3,B3)A1)" =1
([A3, B3)A1)" = —I

However, in SU(2) the n-th power of a matrix cannot simultaneously be equal to both the identity
and minus the identity. Therefore, there cannot exists an element

(A1, By, Ay, By, A, Bs) € {A}} x }"+,1 N AT} x Fpy

and so we are unable to form larger connected components from any of the connected components of
each respective fixed point stratum set without the additional components from our other preimage.
Therefore the number of connected components in our fixed point set is

o () )" (2520 () 1) - (252 ) -

which simplifies to
n? 1
2

and so we are done. O
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5. CHARACTER VARIETY OF DEHN TWISTS ABOUT BOUNDING PAIRS

5.
5.1. Fixed Point Equations for ((T,, o 7.,")")"
R
e On R(Z,G): Ay~ ([As, Bs]A1)" Ay (A7 [As, Bs]7Y)"
B1 — By (Al)n(Afl[Ag, Bg]_l)n
A2 — A2
BQ — BQ
As > ([As, Bs]A1)" As (A7 '[As, Bs]1)"
B3 — ([A3, Bg]Al)nt (Al_l[A3, Bg]il)n
e On R(E, G)/G : T_lAlT — ([Ag, Bg]Al)nA1 (Al_l[Ag, Bg]_l)n
TﬁlBlT — Bl (Al)n(Al_l[A3, Bg]il)n
TilAgT — Ag
TﬁlBQT — By
T_lAgT — ([Ag, Bg]Al)n Az (Al_l[Ag, Bg]_l)n
T_lBgT — ([Ag, Bg]Al)n Bg (Al_l [Ag, Bg]_l)n
5.2. Computing Fix((®")*).
5
o A;:
TAT ' = ([A3, Bs]A1)" Ay (AT [As, B3] )"
(A7As, B3] )" T A T ([As, B3] A1) = Ay
(Afl[A3, Bg]_l)n TA = A (Afl[Ag, Bg]_l)n T
[Ab (Al_l[A3aB3]_1)n T] =1
= (A7'[A3, B3] )" T € Csy) (A1)
[ ] Bl :
TBT™' =B (A1)" (A7 '[As, B3] )"
Bl_lTBlTil = (Al)n(Al_l[Ag,Bg]il)n
By, 1] = (Al)n(Afl[As,Bs.]_l)n
(A7) (BT, T] = (A7 '[43, Bs] )"
o Ay:
TAQTil = A,
TA, = AT
(A2, T] =1

— T e CSU(Q) (AQ)
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o By:
TBT™ ' = By
TBy = BoT
(B2, T) =1
< T € Cgy(2)(Ba)
o As:
TAsT™" = ([A3, Bs]A1)" Ag (A7 [As, B3] )"
(A7'[As, Bs] )" T A3 T~ ([As, B3] Ay)" = As
(A7 '[A3, Ba] )" T Az = Az (A A3,33 Hrr
[As, (A7Y[A3, B3] Y T) =
— (A'Ag,Bs] )" T e CSU(z)(As)
e Bj3:

TBsT~' = ([A3, Bs]A1)" By (A7 '[As, B3] )"
(Ay'[As, Bs]™")" T B3 T~ ([As3, B3] A1)" = Bs
(A7'[A3, B3] 1)" T By = B3 (A7 A3,Bs H'r

[Bs, (A7'[As, B3] )" T] =
— (A'As, B3] )" T € CSU(Q)(B?))

From these fixed point equations we may observe that our fixed point set of the character variety is partitioned
into smaller fixed point stratum sets based on what T is in SU(2). Therefore, we will examine the possible values
of T in SU(2). To start if T is in the center of SU(2) then our fixed point equations simplify to those of our
representation variety, which we have already classified. Thus let us consider when T is a non-central element of
SU(2). Note that by our fixed point equations for A;, Az, and B3 we see that

(A7MAs, By )" T
must be in the centralizer of each respective element. This gives rise to two cases, the first being that
(A7MA3, B )" T = £1
and the second that
(A7As, Bs) ™ )" T # £1

In the latter case where (A7 '[As, B3]™!)" T is a non-central element in SU(2), we observe that since it lies in the
centralizers of Ay, A3, and Bjg respectively, then equivalently, A1, As, and Bjs lie in the centralizer of (Al_1 [As, Bg]*l)n T
which in SU(2) we know to be a maximal torus. Recall that in SU(2) every maximal torus is abelian, hence,

Aq, As, and B3 must commute. However, if A3 and Bs commute then

(A3, B3] =1
With this information, let us re-evaluate our fixed point equations. First, for A; we have
TAT " = ([A3, Bs]A1)" Ay (A7 [As, Bs]™1)"
TAT = A (4)" A (ATYD)"

TAT ! = A
TA; = AT
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Thus we find that A; commutes with 7. Now, for B; we see that
TBT™' =By (A1)" (A7 '[As, B3] )"
TBT™ ' =B (A)" (A )"
TBiT ' =B
TB) = BT
Thus again we find that By commutes with 7. Since the fixed point equations for Ay and By are unaffected by

our new found commutativity, besides the fact that they now commute as our 7' is assumed to be non-central, we
will move on to Ag and Bs. First, for Az observe that

TAsT™" = ([A3, Bs]A1)" A3 (AT [A3, B3] )"
TAsT™ ' = (Ar)" A3 (A7Y)"
TAgTil = Aj (Al)rL(Afl)rll

TAgT_l = A3
TAs = AsT

note that from line 2 to line 3 we leverage the fact that A; and A3 commute. From this we see that A3 commutes
with T'. Finally, for By we observe that in a similar fashion to As

TB3T~' = ([As, Bs]A1)" By (A7 '[As, B3] )"
TBsT™' = (A;)" Bs (A71)"
TBsT~' = Bg(Ay)"(AT1)"
TBsT~' = Bs
TBs = B3T
Thus we find that Bs commutes with T. Now we have shown that every argument commutes with 7" and by
assumption 7" is non-central in SU(2) thus Ay, By, Az, B2, A3 and Bj all lie in the same maximal torus and so they
commute. In the case where
(A7MA3, B )" T = £1

then we may again re-evaluate our fixed point equations. First, note that the fixed point equations for Ay, As, and Bg
all reduce the trivial equation, and so we may disregard them. Next, for B, we see that

TBT™ ' =B (A1)" (A7 '[As, B3] )"
TBy = Bi(A1)"
TB; = £B;(A1)"
B'TBy = £(A)"
Finally, for As and Bs they are unchanged by our new found relation and so we still have that both commute with

T and with each other as our T is assumed to be non-central. Therefore, we may express our fixed point set as
the union of these three separate cases, that is

Fix((@")"),, = F((@")7),, U F((@")7), U F((@")"),

#

where

=1

3
F((@™)"),, = {(AZ-,Bi) € SuU(2)8 : H [4;,B;] =1, ([A3, Bs]41)" = (A1)", [(A)"™, As] =1, [(A)"™, B3] = I}

our fixed point set of the representation variety,

F((@M)), ={(4,Bi) € SU(2)° : [4;,Aj] = [Ai.B;] = [Bi,B;] =1, 1 <4i,j <3}
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our fixed point set when 7" is a non-central element of SU(2) and (Al_l[Ag, Bg]_l)n T # I, and finally

X -1 _

F((@")), = {(4i,B) € SUQS : [A1,B)] = [A3,By] ", [As, Bo] = I, BI'TBy = ()" |

our fixed point set when 7' is a non-central element of SU(2) and (Al_l[Ag,Bg]*l)nT = £7. Thus in order to
classify the connectedness of our fixed point set for the character variety, it suffices to determine the connectedness

of each respective fixed point stratum set in this union. First, as previously noted, F ((@")*)m is just a copy of
2
our fixed point set for the representation variety, which we have shown has V%J + 1 connected components. Next

let us consider our fixed point set when 7' is a non-central element of SU(2) and (Afl[Ag, By ™)"'T #1.

Lemma 18. F((®")*), is connected for every n € Z\ {0}

*

Proof. Fix n € Z\ {0}. With
F(@")), = {(4.B) € SUQ@" : [A.A4)] = [4.B)) = [B..Bj] = 1. 1< .5 <3)

we observe that this is just the set of commuting 6-tuples in SU(2)%. Recall that any two elements
of SU(2) commute if and only if they lie in the same maximal torus, which in SU(2) is conjugate
to the subgroup of diagonal matrices. Let My denote a maximal torus in SU(2),

My = {<e;9 e%) 10 €0, 277)}

Since A1, By, Ag, Ba, A3, B3 commute, there exists g € SU(2) such that

1 1

gA1g™Y, gBig™!, gAsgT, gBag™t, gAs97!, gBsgTt € My

This follows from the fact that all maximal tori in SU(2) are conjugate and every element is
contained in some maximal torus. Therefore, we have

={(gtig™", gtag™", gtsg™', gtag™', gtsg™t, gteg™!) 1 g € SU(2), t; € My}

Now, define the map

Q:SU(2) x M§ — F((@")")y

by

Q(g, (t1, 2, t3, ta, ts,t6)) = (gt1g ™", gtag ™', gtsg ™', gtag™', gtsg ', gteg ).
Observe that the domain of the map, SU(2) x M$%,, is connected since SU(2) is connected, My is
connected, and the finite product of connected spaces is connected. Therefore, it suffices to show
that € is continuous and surjective, as the image of a connected space under a continuous map is
connected. We begin by verifying the surjectivity of Q. Let (a1, b1, az, b, as, b3) € ]-"((<I>”)*) then

there exists g € SU(2) such that o
gaig™', gbig™", gasg™', gbag™', gasg™', gbsg~' € My
This follows from the fact that all maximal tori in SU(2) are conjugate and every element is
contained in some maximal torus. Now, if we set
tr=g 'arg, ta=g 'big, tz=g 'aag ta=g 'bag, ts=g 'azg, te =g 'bsg

then by conjugacy of the maximal torus, every element of F (((IW)*) ¥ lies in the image of Q and so

the map is surjective. For the continuity of the map, we note that €2 is defined on group operations,
multiplication and inversion, which are smooth in SU(2), and so the map is continuous. Hence,
.7-“((@”)*);ié is connected. 0
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We have now classified the connectedness of two of our three fixed point stratum sets which partition our fixed
point set of the character variety. We now turn our attention to the final fixed point stratum set. However, before
we tackle the classification of this set lets first prove an identity that will help us in the proof.

Lemma 19. For any Ay, By € SU(2) and n € Z\ {0}, ([A1, B1]7'41)" = By (Al)anl

Proof. We will proceed by induction. First fix A;, By € SU(2) and consider the case where n = 1,
in this instance we have

[A1, B1] ‘A = By Ay B YA Ay
= B A1 B!
and so our base case holds. Next, suppose that
([A1,B1] "A1)" = By (A1)" By !
for some n € Z \ {0}. Then, we want to show that for n 4+ 1 our relation holds, that is
([A1, Bi] 7" 4)"" = By (4) "' By
Now, by our induction hypothesis we have

([Al, Bl]flAl)n =B (Al)nBl_l

and so . .
([A1, B1) 7 A)" = ([A1, By 7 A1) " ([A1, B Ay)
= Bi(A)" B (A1 B A))
=B (A)"B lBlAlB AT A
= Bl (Al) AlB_
_ Bl (Al)n+1
Hence, we are done. O

Now that we have proven this identity we are ready to tackle our final fixed point stratum set.

Lemma 20. F((®")*) is connected for every n € 7\ {0}

Proof. Fix n € Z '\ {0}. With
F((@")), = {(AZ-,Bi) €SU2)® : [Ay, B1] = [As, Bs] ", [Ay, Bo] =1, By 'TB, = i(Al)”}
we begin by observing that we may expressed our relation
B'TBy = £(A)"
as
B ([A1L, B AN "By = (4)"
which by Lemma 2 is trivial since
BY([A1L, Bl A) "By = (A4)"
B! By = (Ay)"
By ' By (41)" By ' By = (A1)
(41)" = (A1)"
Now the equality of the different relations follows from the assumption that

(A7'[A3, By )" T = £1I
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which gives us that
T = (A7 [A3, Bs]7)") 7 = (45, BalAr)”

However, from our other relations we know that

[45,Bs] = [A1.B1]
and so we may rewrite our 1" as

T = +([A1, B1] ' 4)"
Therefore, our derived relation

B'TB, = £(A)"
becomes
BTY([A1L, B) A1) "By = (41)"

where we can drop the + sign as the parity of both sides of the equality are determined by the
parity of the assumed identity

(A7'[A3, Bs] )" T = &I

Therefore, our fixed point stratum set can be rewritten as
F((@™)),. = {(Aini) €SU?2)° : [A,Bl] = [A3,B3]_17 [A2, Bo] = I}

We now want to show that F ((@”)*) . s connected. We begin by noting that by our relations, we
know that A; and Bj are essentially unconstrained in the fixed point stratum set if we define Ag
and Bj3 based on our choices of A; and By. Therefore, we define the commutator map

¢:SU(2)?2 — SU(2)
given by
(X,Y) — [X,Y]

Now if we consider the fiber over [A;, Bi]~! observe that this gives us all of our possible values of
As and Bjs, that is

¢ '([A1, B1]7Y) = {(A3, Bs) € SU(2) : [A3, B3] = [A1,B1]_1}

We know that the fibers of the commutator map of SU(2) are connected and so ¢~ ([Ay, B1]™!) is
connected. Next, by our relation involving As and Bs we know that the two must commute and
elements of SU(2) commute if and only if they lie in the same maximal torus, which in SU(2) is
conjugate to the subgroup of diagonal matrices. Let My denote a maximal torus in SU(2),

My = {<e;0 e%) .0 e o, 27‘()}

Since Ay, By commute, there exists g € SU(2) such that
gA2g~", g Bag~' € My
This follows from the fact that all maximal tori in SU(2) are conjugate and every element is
contained in some maximal torus. Recall that My is connected in SU(2). Thus,
F((@™)*), = SU(2)* x M7 x ¢ *([A1, B] )

which is connected as the finite product of connected spaces is connected. [

We have now classified the connectedness of all three of our fixed point stratum sets. Thus our last step in order to
fully classify our fixed point set for the character variety is to determine how many distinct connected components
are left after taking the union of all such fixed point stratum sets.
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Theorem 2. The fized point set of the n-th power of ®*, has

2]

connected components.

Proof. Fix n € Z\{0}. We begin recalling that if the intersection of two connected sets is nonempty
then their union is connected. With this fact consider F((®")*)  and F((®")*) 4+ We have shown

the each respective set is connected for every n € Z\ {0} and so we will examine their intersection.
Observe that if we take each argument of our 6-tuples in our respective sets to be the same element
in the center of SU(2) then our relations hold. Therefore we have

(I,LIILI), (~1,~-1,-1,-I,—I,-1I) € F((2")") . n F((2")"),

and so our intersection is nonempty. Hence
F((@")), U F((@")),

is connected. Next let us consider our fixed point set of the representation variety, specifically, the
end cap of our large connected component which corresponds to that which we pieced together in
Theorem 1. Note that this end cap, the fixed point stratum set

{I} X ]:Jr = {All} X {(Bl,AQ,BQ,Ag,Bg) € SU(2)5 : [AQ,BQ] = [Ag,Bg]_l, ([Ag,Bg])n = I}

contains the 6-tuple (I,1,1,1,1,1). Therefore, we can connect our other two stratum of the fixed
point set of the character variety

F((@")*),. and ]-'((CI)”)*);E

to this set. Thus we get one connected component

(I} x Ff U F(@Y)7), U F(@")),

However, as we previously noted, {I} x ]-";L is just one of the two end caps of the larger connected
component in the fixed point set of the representation variety, thus

f((‘b”)*)i and ‘7-"((<I>")*);16
just get added to this component. Hence, we are left with the
n|®
— 1
ok

connected components of our fixed point set of the representation variety and so we are done. [

6. DEHN TWISTS ABOUT SIMPLY INTERSECTING CURVES

e T, : a1+ BB pr — B
as — B3 By BBy B > B3 By BaB1Bs
az — By B tas B3 = B3

° T,y2 e s B1—152—1a1 p1— B
g —r 62_151_1042 62 = ﬁQ

az — By By Las BB By = By By B3 B
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o To1: ar e B3fian Bi— B
ag > B1BsaaBy B! Ba > B1B3BaBy B
az = 1303 B3+ B3
e T1: arm Bofran B1+— b1
a9 Blﬁgaz 52 = 52
az = BofrasB By ! B+ BB BBy By !

P TweTnoTto Tt o AR A M e
1 P1
az > [B183 87, By Haw By B By, BiBaBr !
Bo = (B3 B By, BuBsB 18218y By By, BuBs B ]
az > (B3 BByt BB B B2lBs By Byt BBs B T BBy B By BB By tes

(828183, B B3 187 By, BuBaB !
By B3 B By L, B1Bs B 1B2B1Bss By 1B [B2818s, By LB B By BB ]

6.1. Fixed Point Equations for (T, o T,, o T;,' o T;)1) ™

e On R(%,G): Ay~ By'B{'B;'B1B3B; 'BaB1A;
Bl — Bl
Ay v [B1By'By !, By A2[By ' By ' By Y, B1B3 By Y !
By~ [B3'By'By Y, B1BsB ' |Bo[By ' By ' By Y, By B3 By !
A3+ [By'By'By Y, BiBs By Y Bo[By ' BBy, BiBs By T Bi By ' B ' By ' B1 B By A
[B2B1Bs, By ' B;'By ' By, BiBs By Yt
B3~ [B;'By'By Y, B1 B3 By '|[BaB1 B3, By '|B3[BaB1 B3, By ']\ [B; !By !By !, By B3B!

e On R(%,G)/G: T 'AiT+ B;'B;'By'B1B3B; ' BaB1 A4
T_lBlT — Bj
T—'AsT — [B1B; ' By Y, By A [By ' By By Y, B1Bs By |~}
T~'ByT + B3 'By "By, BiB3By '|Bo[By ' By ' By ', B1 B3 By 1|~}
T 'A3T — B3 'B;'By Y, BiB3By Y| B2[B; ' By ' By, BiB3 By Y| ' B1B; ' By ' B, ' B1 B3 By
A3[BeB1Bs, By ' B;'By'By Y, BiBs Byt
T 'BsT — [B;'B;'By !, B1B3By '|[BaB1Bs, By '|B3[BaB1 B3, By 1™

[By'Br'By ', BiBsBy '

6.2. Computing ® =T, 0T, o T’Y_ll o T,Y_Ql.
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1 Character Varieties of Mapping Tori




This first section on mapping tori was written early on in the summer to help us better understand the lecture
material Dr. Duncan presented at the beginning of the summer. Some of the questions/unproven claims may
be outdated with our accumulated knowledge.

1.1 Reducing R(X4, G) to a fixed point set

Let 3 be an orientable, connected, closed (in the manifold sense) 2-manifold. Let ¢ : ¥ — 3 be a homeomorphism.

Define 0.1] x %
, 1] x
Sy CE E22) (1)

~

endowed with the quotient topology of the product [0, 1] x ¥ (which has the box topology), where ~ is given by

(t,x) ~ (s,y) ift=0,2=0¢(y),s=1,
(t,z) ~(s,y) ift=sand z=y.

For a basepoint zy € X, the continuous map ¢ induces a homomorphism (the push forward)
w2 1 (2, 20) = T1(2, x0)- (2)

Are we allowed to say ¥ is path connected? If so, we drop the base-point from the notation. I am aware that an open
connected subset of Euclidean space is path-connected, but I'm not sure this is what we have.
Claim: Jg € Z> and «;, §; € m1(2) such that

m1(Z) = (o, B, oy g, Byl [ [l Bi] )- (3)
i=1

Supposedly the proof of this claim comes from the classification of surfaces and how 7y behaves under connected sum
modulo homotopy, afforded to us by Seifert van Kampen.

Claim: The map ¢ : ¥ — ¥, given by = — [(0,2z)]. is a continuous injection. Therefore, 7 (X) can
be embedded into 71(X4). Proof: Let (0,z) ~ (0,y). By definition of the equivalence relation, we must have
0 = 0 and = = y since the first entries in the order pair equal. By the above, we get an induced homomorphism
Lt (X)) = m1(Xp). It is injective because Look up what Munkres says about this.

Claim: 37 € 71(X) such that

m1(Zg)
g
(1 (7), 12 (01), 1 (B1); ooy (g ) 1 (Bg) | | [ (i) 04 (Bi)], (D) = 1(7) " 1a(0)1a(7), 12(64(B5)) = () " 1 (Bj) e (7)),
=1
(4)

Proof: Supposedly the HNN extension.
For ease of notation, denote for all j =1,2,...,g

ox(ay) = Qi az, ..., By), (5)
¢«(B5) = Qja(a1, g, ..., By), (6)
in which we view each ();; a monomial in 2g indeterminates of an arbitrary group. is there a better way to specify
this? We’re not dealing with a ring anywhere, so...
From « defined above, we get the map
R(X4,G) = R(%,G) (7)
pr>pot.



Claim: This map is neither necessarily surjective nor injective.

Claim: If 7 = (ai,...,an|Ri(a1,...,an),..., Rg(a1,...,a,)) and with the discrete topology, G is a topo-
logical group, and R(w,G) has the compact-open topology, then the map F : R(7,G) — G™ given by
p — (plai),...,plan)), Ai = p(a;), is a homeomorphism onto its image of im(F) = {(Ai,...,4,) € G" :
Ri(Ay, ..., An) =€, ..., Rp(Ay, ..., Ay) = e}. Also, the compact-open topology is the coarsest topology such
that I’ is continuous and the finest so that it is open.

Define pullback (from Duncan HW 2): Let f : 7 — 7’ be a group homomorphism of finitely presented
groups. Define f*: R(7',G) — R(7,G) by p+ po f.

By using identification with R(71(X4), G) and R(m1(X), G) mentioned in the ereyester paragraph along with the
map (7), we get a map

g
{(T, A1, ..., Bg) € G2 [[1A41, Bi] = €, QA1 ... Bg) = T AT, Qja (A, .., By) = T™'B;T, Vj € {1,2, ..., g}}

=1
(8)
—{(A1,..., By) € G¥|[ (4, Bi] = ¢} (9)
i=1
(T, Av,..; Bg) = (p(ex(7)); - p(e4(Bg))) = (p(es(@1)), s p(e4(Bg))) = (A1, ..., By). (10)

It is not hard to see that the image of this map is

g
{(Al, ....,Bg) € G2g| H[AZ,BZ] =e,dT € G s.t. Qlj(Al, ...,Bg) = TflAjT, QQj(Al, ...,Bg) = TﬁlBjT} (11)
=1

Since the set (11) is a subset of ém F where F : R(X,G) — G" is the homeomorphism mentioned above, we
can to identify the set (11) with a subset of R(X,G). Here is the process. By surjection of F, dp € R(X,G)
such that p(a;) = A; and p(B;)) = B;. Then the relation (we have T € G still) Q1j(A1,...,By) = TTA;T is
equivalent to Q1j(p(a1),...) = T~ 1p(a;)T, which is equivalent to p(Q1j(1,...,35)) = T 'p(a;)T. By definition,
Q1j(a1,...) = ¢x(j). Thus, we obtain (p o ¢.)(a;) = T p(a;)T. Similarly, we get (po ¢.)(3;) = T 1p(3;)T for all
j=1,...,g9. Use the notation for pullback: ¢*p := po .. Note the right hand side of these equations is the evaluation
of the group action defined on R(X, G), g-p € R(w, Q) is defined as = +— gp(x)g~'. We have homomorphisms agreeing
on the generators, therefore ¢*p = T~! - p. The set (11) is identified with

{(peR(E,G):IT € G, ¢*p=T""pl. (12)

Is the following correct: If we set T' = 1, then we obtain the fixed set of ¢*p, which motivates step 0 in the strategy
along with the reason why the fixed field on the representation variety level does not recover all the information we
are interested in.
Now factoring in the action by conjugation, we get a the map (it is easy to check this is well-defined)
R(25,G)/G = R(S,G) /G (13)
o] = [po e,
which is designed so that the following diagram commutes: p € R(Xq,G) — po . — [po ]y is the same as

p > [pls, = [potsn,. For bookkeeping (we don’t actually use this corresponding map or conjugation in
this derivation), we get the corresponding map on the images of the identification mentioned above:

(T, Ay, ..., By)] — [(A1, ..., By

and that the corresponding action on the identification is h - (A1, ..., By) := (hA1h™Y, ..., hB,h™1).



The point is, to find the image of the map (13), we may just find the image of the set (12) under the natural
projection map onto the orbit space. In this connection, define the map 5; R(E,G)/G — R(E,G)/G by [p] —
[po @i = [¢*p]. This is well-defined by using similar logic one uses to show the map (13) is well-defined. Under the
projection, the set (12) becomes {[p] : p € R(Z,G), 3T € G,¢*p = T~ - p}. By the defining relation in the set (12),

we see ¢*p € [p|. This implies that ¢*([p]) = [p]. Thus, the image is

{[o]: p € R(.G), 6*([p]) = [0]}, (14)

which is exactly the fixed point set mentioned in part 1 of the strategy. Another note is in the special case of T'=1
is a subset of (12). Therefore, the image of the special case under the projection What kind of identification here?
will be a subset of the image (14).

SUMMARY: we got a map R(24,G) — R(2,G) and want to understand what the image is. Seeing the structure
directly is hard because you're dealing with abstract homomorphisms. So we transferred the map to a map of G?9 and
found the image. Then we pulled this image back to something in R(X, G). Using the commuting diagram mentioned
above, we then found the image of this under the natural projection and saw it is a fixed point set. Now using that
same commuting diagram, if we wish to find information about R (34, G) from this, we can directly find the fibers of
[p] = [p o t«] and then find the fibers of p — [p]. Is this easier/harder than doing finding the fibers p o v, — [p]s; and
then the fibers of p +— po1,?

1.2 Special case of X =T% G = 53

Let G = 83 and ¥ = T? in the above derivations.

We may translate the condition [po ¢.] =: ¢*([p])[p] (and thus 3T € S3, pog. =T p) into an equivalent condition
in S x S2 using the corresponding conjugation action mentioned in the derivation. Let Ay = p(ay), By = p(31) where
we must have A1 B; = By A1, since p € R(TQ, 53). Then we get

T e 53 s.t. (Qll(Al,Bl),QQQ(Al,Bl)) = (TAlTil,TBlTil). (15)

Claim: p,q € S® and pq = gp = p,q € span(l,p) N S3 (an arbitrary great circle).

Claim: ¢ € H= 3p € H s.t. pgp~' € C. Additionally, if z € span(1,p)NS3, then pzp~! € C. Additionally,
if ¢ € S3, then p may be taken to be in S°.

Claim: p,q € S3 Nspan(l,p) (an arbitrary great circle) and 37 € S s.t. TpT~! € S Nspan(l,p) and
TqT—' € S? Nnspan(l,p), then T € (span(l,p) N S?) U (span(l,p) N S3)j. Special case: if p,q € S' C C, then
T € S'nsty.




2 Simone Project Work

We wrote a code to find a connection between Chern-Simons values with properties of the monodromy matrix of the
mapping torus, specifically of the kind mentioned by Simone.

We tried to parameterize the set of monodromy matrices, but ran into technical issues with integral values.

We didn’t work on the project for long as we didn’t see much of a pattern. [8]




Figure 1: Two presentations of 71(72 \ {2 pt.}). Dr. Boozer used the presentation on the left, whereas we attempt
to use the presentation on the right.

3 Boozer Project

3.1 Boozer Project Introduction

In [1], Dr. Boozer proved the claim that the traceless (SU(2)) character variety of the twice-punctured torus, x(72,2),
is homeomorphic to S? x S2. He used quite advanced machinery, and he states that, “this does not seem to be easy
to show from our description of this space.” Such a statement gives sufficient reason to pursue an elementary proof
of the homeomorphism.

Figure 1, on the left, shows the presentation of 71 (T2 \ {2 pt.}) of Boozer given by

71 (T*\ {2 pt.}) = (A, B,a,b | [A, Blab). (16)

We propose to use the presentation on the right of Figure 1 given by

m(T?\ {2 pt.}) = (4, B, %), (17)
where a = BAy and b = v !B71A™! (read left to right as the order in which to follow the paths). If p €
Hom(71 (T2 \ {2 pt.}), SU(2)), the traceless conditions tr(p(a)) = tr(p(b)) = 0 translate to tr(p(y) 1p(B)~1p(A)~1) =
tr(p(B)p(A)p(v)) = 0. Using SU(2) facts, this first equation is the same as tr(p(A)p(B)p(7y)) = 0. Therefore, using
the correspondence between representation varieties and algebraic sets, we find that

x(T?,2) = {(A, B,C) € SU(2)? : tr(ABC) = tr(BAC) = 0}/Inn(SU(2)), (18)

where the group action is diagonal conjugation by elements of SU(2).
The following subsections illustrate our attempts at realizing a homeomorphism between the space given by
equation (18) and S? x S2. Throughout the attempts, we make extensive use of the homeomorphism SU(2) 2 S3.

3.2 Reduction to Two Variables

Put
E = {(A,B) € (5*)? : tx([B, Ai) = 0}. (19)



There is a homeomorphism between x(72,2) and E/S', the group action being conjugation by unit-length elements
of the centralizer Z (i) N S3 of i.

Our Solution. Define the map ¢ : x(12,2) — E/S! by [(A, B,C)] = [(gAg™*,gBg™!)], where g € S3 is any
g such that gABCg~! = i.

e Perhaps one may go about this proof another way by constructing an equivariant map between R (72, 2)
into E. However, at first glance it’s not clear how to define a well-defined version in this sense. I wrote
the proof below before I learned this technique, and I am not willing to spend the time to rewrite the
proof.

e Claim: ¢ is well-defined. Proof:

1. Such a g exists since S? acts transitively on the purely imaginary quaternions.

2. Claim: If g € S3, 2 € H° (the quaternions with zero real part) with gzg~! = y, then for

h € S3, it is true that hah~! = y < hg~! € Z(y), the algebra centralizer. This claim shows
that ¢ gives the same output for different such g.

3. Let [(A,B,0)] = [(D,E,F)]. Then D = hAh™',E = hBh™',F = hCh~!, and thus DEF =
hABCh™!. Let gABCg~! = i. Then (gh ')DEF(gh™')"! = gh"'DEFhg~! = gABCg~! = i.
Thus we need to check that (gAg~', gBg™') = (gh ' Dhg~', gh ' Ehg~!), which is true.

4. Let ¢([(4,B,0)]) = (gAg~',gBg™'). By properties of trace, 0 = tr(BAC) = tr(¢BACg~!) =
tr(gBg tgAg~'gCg™'). Using gABCg~' = i, we receive that gCg~' = gB~'A~1g~!i. Combining
these two, we see that 0 = tr(¢gBg 'gAg tgB 1A71g7Yi) = tr(¢BAB 1A 1g7Yi) = tr([B, Ai).
Thus, range(¢) C E.

e Claim: ¢ is surjective. Proof: Put A,B € S3 such that tr([B,A]i) = 0 and let C = B~1A~ 1.
Consider tr(ABC) = tr(ABB 'A71i) = tr(i) = 0. Also note that tr(BAC) = tr(BAB tA~Y) =
tr([B, A]i) = 0 by hypothesis. Then ¢([(A, B,C)]) = (A, B), and since A, B were arbitrary elements in
E, the map is surjective.

e Claim: ¢ is injective. Proof: Let ¢([(4,B,C)]) = ¢([(D, E,F)]). Then (gAg~!,gBg~',gCg™!) =
(hDh=', RER=' hFh~1) for some g, h € S3. Hence, (D, E, ) (h=tgAg='h,h~tgBg='h,h=tgCg~'h).
Thus, (D, E,F) ~ (A, B,C), which implies [(4, B,C)] = [(D, E, F)].

e Claim ¢ is continuous. Proof: The map F — E given by (A, B,C) — (gAg~',gBg~!) consists
of multiplications, inverse, (cartesian) product map, which are all continuous. This map is continuous.
Claim: the projection map onto the orbit space is a quotient map. Corollary: ¢ is continuous by
Theorem 22.2 from Munkres. The pre-image given by the third bullet point above along with composition
with the projection mapping is continuous, so the inverse is continuous. Q: orbit space compact by
a theorem?

The natural next step is to write E as a union of fibers of the trace of the commutator over span(1, j, k) N S3.
However, the fibers are not all homeomorphic, which makes it hard to see the global topology. Moreover, tr([A, B]i)
cannot be decomposed into tr(A),tr(B),tr(C),tr(AB), tr(AC), tr(BC) only. We abandoned this approach for these
reasons. Although, if we are not mistaken all the fibers, except of 1, are homeomorphic. Thus if one
could analyze how the fibers hook up at 1, one may be able to revive this approach. We did not do
this, but it seems possible.

We also tried looking at map from E to S® given by (A, B) — AB. We attempted to compute the fibers of this
map by working out cases on domain, which was a bad technique. We never re-attempted this method with
this reflection, but someone should.




3.3 Failed Attempt

NOTE: This Section 3.3 contains a bunch of nonsense in it (e.g. mistaking a fiber bundle for a global product
structure. I considered deleting it, but I wanted to comb through it for any seeds. Claim: E/S' = 82 x §2.

Our Solution. Define f: S% x S% — S3 as (A, B) — [B, A]. It is straightforward to see that

E= U FHX).

X espan(l,5,k)NS3

Let (A, B) € E. Then 31X = cos(a)+I,(X)sin(a) = cos(a)+I_o(X)sin(—a) € S such that f(A, B) = X.
Define the equivalence relation ¢'® ~q e~*. We get a well-defined surjection from span(1, j, k) N.S3 to S/ ~q
by X ~ [¢"¥]., (extending to the case of X = 41 by having it map to itself).

Map f~1(X) = f~1(=j) ={(C, D) € (8°)* : [C, D] = —j} via

(A,B) —~ (9Bg~',9Ag™") = (—gB(—9) "', —gA(—g) ),

where g € Z(i) such that g[B, AJ]g~! = j. This is a homeomorphism.
Analyze f~1(—j) = {(a,b) € (S%)% : a,b,ab L 1+j}. Write a = a1 +agi+a3j+ask,b = by +boi+bzj+bsk.
Then we see that (a,b) € f~1(—j) & a1 = —as, by = b3 (i.e. a,b are practically in R3) and

(bg + b4)a2 + 2bsasg + (b4 — bg)a4 =0. (20)

Since b € S3, we see that b3 + (v/2b3)2 +b? = 1, and we may parameterize (1— 1 homeomorphism) this ellipsoid
1

as by = sin(0) sin(p), by = 7% sin(f) sin(p), by = cos(f). This will make equation (20) describe a plane passing
through the origin in the variables as, a3, as. Enforcing that a € S3 (and thus (ag,as,a4) lies on the same
ellipsoid as (bg, b3, bg)), we see that (ag, a3, as) must consequently lie on a great ellipse determined by b. Do a
coordinate transformation to turn this into a great circle. Every quaternion y on this great circle is given by
y = cos(w) + I, (y) sin(w) = cos(w) + I_,(y) sin(—w) (if it turns out the great circle is perpendicular to 1, then
). Define the equivalence relation ~g as €™ ~ =™, We get a 1 — 1 map from that great circle to S'/ ~o by
Y [e™].

Map the original (A, B) to the tuple

) ) 1
(61, %] (in(6) cos(2), = sin(6) sinfi).cos(8))) € 5"/ 1 x5/ g xS 2 (S1x51)/(rvy x ~a)S? = S5

Claim: This map is conjugation invariant under the Z(i) action. Proof: Let g € Z(i). First, we
see that f(gAg~',gBg™') = gf(A, B)g~!. The corresponding X’s are X vs. gXg~!. We see that Re(X) =
Re(gXg'), so the first coordinates of the map are the same. Further, if h € Z(i) such that hXh~! = j, then
(hg ) (9Xg 1) (hg~!)~! = j. Thus the corresponding maps f~1(X) — f~1(j) vs. f~1(gXg™") — f~1(—7)
are defined by the rule (A, B) — (hBh™' hAh™') vs. the rule (A, B) — (hg *A(hg™ ")~ hg7'B(hg™))™1). It
is seen that the in the first map (looking at the images of the specific points now), (A, B) + (hBh™! hAR™1)
and in the second map (gAg~!,gBg~ ') — (hBh™',hAh™!), the same thing. Hence, the second and third
entries in the tuple of the map will be the same. |

3.4 Trace Map and Identities

After putting the reduction to two variables approach aside, we realized the importance of looking at conjugation-
invariant maps out of R(72,2). For example, a trace invariant map from R(72,2) induces a well-defined map from
x(T?,2). Another reason, which we did not really apply, is that of the niceness of principal bundles, for which one
must have a projection map whose fibers are preserved by the diagonal conjugation action.



For three variables in SL(2, C), the most general and natural such map is ® : SL(2,C)? — C° given by

(A, B,C) — (tr(A), tr(B), tr(C), tr(AB), tr(AC), tr(BC)). (21)

The reason this is the most general such map is that an extension of the classical result of Fricke and Vogt states
that @ is surjective [5]. Moreover, trace of any monomial of SL(2, C matrices can be expressed as a polynomial with
integer coefficients in these 6 traces. See [10], [9], [2], [7] for related information and the two variables case. See [12]
and [11] for information on generators of ring of invariants. The source [12] is particularly general.

The particular relations for tr(ABC) and tr(BAC) are

tr(ABC)
tr(BAC)

P(T) := t1tog + tot13 + tat12 — t1tats, (22)
Q(T) = t% + t% + t;zJ, + t%? + t%g + t%g + t1at13ta3 — titatia — tit3tiz — tatstaz — 4, (23)

where t1 = tI‘(A), to = tl"(B), t3 = tr(C), t1o = tr(AB), t13 = tl"(AC), tog = tr(BC), and T = (tl, to,t3,t12, t13, t23). By
slight abuse of notation, define

A={Tc[-2,2]°: P(T) = Q(T) = 0}. (24)

When restricted, SU(2)3, ®|sy(2)s, maps into [-2, 2]% C RY. By slight abuse of notation, henceforth denote the
further restriction ® |z (72 9) : R(T 22) — Aas ®. As noted above, ® induces a map from x (7?2, 2), henceforth denoted
as P.

Lemma (Moment Problem): Let a,b € R and let ¢;,c2 € R. Then there exists a unique vector
c € span(a,c) such that a-c=c¢; and b - ¢ = ca.

Claim: & : x(7T2,2) — A is injective.

Our Solution. Let ®(A,B,C) = ®(D,E,F). Then tr(A) = tr(D), tr(B) = tr(E), tr(C) = tr(F),tr(AB) =
tr(DE),tr(AC) = tr(DF),tr(BC) = tr(EF). Write A=r+u,B=s+v,C =t+w,D=1r"+u,E =
s +v,F = t' +w'. From the first three equalities we immediately receive r = r’,s = s/,t = t' and
[lul| = ||W|], [Ivll = IV'Il, l|w|| = ||w'||. The last three equalities from the injectivity hypothesis state
rs—u-v=rs—-u -virt—u-w=rt-u -w,st—v-w=25t-v -w. These imply that u-v =
u v u-w=u"w,v-w=v'"w'. Further note from equation (31) below that u, v, w span a two-dimensional
vector space. By transitivity of conjugation, 3g € S3 such that g(r +u)g~! = r +u’. Claim (*): 3h € Z(u)
such that hg(s + v)(hg)™! = s + v/. One way to see this is once u, u - v, and a plane containing 0,u are
all fixed, then there are only two choices in that plane for a possible v. These choices are conjugate to each
other via an element of Z(u) (specifically a reflection of the plane). Recall that u,v,w,0 lie in a plane, and
u/, v/, w’ 0 lie in a plane. When u is conjugated to equal u’, we further conjugate via ¢ € Z(u’) so that
the plane spanned by fgu(fg)~!, lgv(fg)~t, Lgw(fg) ! coincides with the plane spanned by u/,v’, w’. Since
dot products are invariant under this conjugation (rotation), we find that gvg~—! and v/ must be one of two
possible solutions, which are conjugate to each other via an element b’ € Z(gug~!) = Z(u’). Therefore, put
h = h{g so that u’ = huh™!,v/ = hvh~!. Claim (*) is shown. To finish the proof, by uniqueness of the
Moment Problem (see above lemma), we get that w’ = hwh~!. [ |

What is the image ®? In section 3.6, we show @ is not surjective. In some ways this is the main difficulty of the
problem. If one identifies the image, then we believe the complete solution to the project would follow. The difficult
part is trying to express SU(2) conditions (e.g. orthonormality, determinant 1) via the trace map.

Something we’re not sure we spent enough time thinking about is whether the result of Procesi [12],
specifically that of the specification of the generators for the ring of invariants of U(2) invariants, would
be useful in determining the image. One would have find an analogous result for SU(2) invariants.




3.5 Goldman Papers

Theorem 4.3 of Goldman [4] states that {(z,y,2) € (=2,2)® : 22 + y? + 22 — 2yz — 2 < 2} C image f, where
f : SU(2)? — R3 is given by f(4,B) = (tr(A),tr(B),tr(AB)). This result is useful in determining the image of
f (one need only further work out the edge cases). We tried to extend this result and combine it with Goldman’s
3-variable SL(2,C) case result (see section 5 in [5]) to get the 3-variable SU(2) analog. We could not extend the
proof of his Theorem 4.3 because we attempted to find a particular solution in SU(2) to the map (21) using the
particular SL(2,C) solutions Goldman provided on page 574 of [4]. We obtained a solution but needed to satisfy
a large inequality. However, we prematurely stopped pursuing this method for no apparent reason.
Moreover, as we reflect on this approach with the added knowledge gained from our other attempts,
we see potential in reviving this approach.

3.6 Non-surjectivity Result
® : R(T?,2) — A, as defined in Section 3.4, is not surjective.
Our Solution. LetT = (t1,ts,t3,t12,113,t23) € A. Assume that 3(4, B,C) € R(T?,2) such that ®(A, B,C) =

T. Write A=r+u,B=s+v,C =t+w. Werequire s = 2, t = 3, and 2% = st — v-w. Therefore, we
require

cos(f) = 42 ) (25)

However, notice that
(t1,t2,ts, t12,t13,t23) = (1.95778975,1.52734115,—1.5,1.81,—1.8,0.5) € A

(within a 1078 error) but that

tot to

3 3
4 2 = —1.92669413696. (27)

We wonder whether the inequalities given by the cosines of relative angles are sufficient to determine
the image. One should relate these inequalities to the inequalities of Sylvester’s Theorem below and
perhaps to the inequality mentioned in Section 3.5.

3.7 Find the Image

The main crux of the problem is to find the image of this trace map. We expect that it is the above variety but
with closed inequality constraints enforced. The issue with just using the Fricke-Vogt equations is that only encodes
SL(2, C) information and says nothing about SU(2). The additional information we must incldue is that determinant
= 1 and that the columns form an orthonormal basis.

There are a few equivalent perspectives one may take in attempting to encode this information
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e 53 Scalar + Vector Approach

— Viewing the scalar and 3D vector as separate objects but related to one another via the unit modulus
condition.

— View as an indecomposable 4-dimensional object
e Just SU(2) matrix approach

e Hopf Coordinates or Two Complex Numbers Approach

3.8 S3 Scalar + Vector Approach, 3D vector and scalar are separate

Thus far, this approach has been unsuccessful in fully resolving the problem. Despite this, we have gained some
insight into the problem from it.
The reason that this approach seemed promising was

e Conjugation action is simple and intuitive
e One of the equations we get has a really nice geometric interpretation.

e Vector algebra encodes the SU(2) information nicely and intuitively into 3D rotations and stuff.

Recall that S® = SU(2) as Lie Groups. Via this isomorphism, one may show that tr(A) = 2-Re(A), where on the
left-hand-side A € SU(2) and on right-hand-side is the element of S3 corresponding to A. Henceforth, I will use the
same symbol interchangeably between the matrix or 4-vector definition. Moreover, a unit length quaternion A € S3
has a natural interpretation as A = r + u, where r € R and u € R such that r2 + [[u]| = 1.

By the isomorphism above, the vector algebra on these unit length quaternions encode the above determinant 1
condition and the orthonormality of columns conditions. Moreover, there is a nice formula to multiply two elements
inS3. IfA=r+ueS83and B=s+v €S> then

AB=(rs—u-v)+ (rv+su+uxv). (28)
Multiplying out the triple product, one finds that (if we denote C' =t +w € S3 and use A, B as above).

Re(ABC) =rst —t
Re(BAC) =rst —t
One finds that the conditions of tr(ABC) = tr(BAC) = 0 are equivalent those of tr(ABC) + tr(BAC) = 0 and

tr(ABC) — tr(BAC) = 0. Substituting in equations (29) and (30), one finds that these conditions are equivalent to
those of

)—s(u-w)—r(v-w)—w-(uxv), (29)

(u-v
(u-v)—s(u-w)—r(v-w)+w-(uxv). (30)

0=w-(uxv), (31)
O=rst—t(u-v)—s(u-w)—r(v-w). (32)

We have shown that
R(22) = {0+ us kvt w) € (897 4 ulf = 1

s+ =1,
t 4 wl* =1,

w-(uxv)=0,

rst—t(u'v)—s(u-w)—r(v-w):0}. (33)

11



The problem now reduces to understanding what this set is.
One approach we took is to fully commit to the 3D vector approach. This requires rewriting » = +4/1 — ||u]|?, etc.

in the last equation above. We then get a map R(772,2) — Bo(l)s, where By(1) := {(z,y,2) € R3 : 22 + ¢y + 22 < 1}
given by (r +u,s+ v,t+w) — (u,v,w). The image of this map is

{(w,v,w) € Bo(1) -

w-(uxv)=0,

(Fu D)V (1 = J[ufP(F )V = [V (Fu DV = [[W][2) Fu V1 = [[W][2(w-v) Fo VT = [[V][2(0-w) Fou /1= [[u]2(v- w) = 0},

(34)

where we have eight choices of (+,, +,, +w) (i.e. the above set has these eight equations connected with logical OR).
We took four approaches to investigate the sets identified in equation (33) and (34). We cover them in the following
four subsections.

3.8.1 Gluing Approach

Claim: There is a bijective correspondence H := {(c2,u1,u2) € R x (R?)? : Jluz € span(uy,uz) s.t. uj - uz =
co,ug - ug =1 —up-ug — 2} = {(a,b,¢) € (R®)3:a,b,c,0 are coplanar,1 =a-b+a-c+b-c} given by the map
(co,u1,u2) — (u1,u2,us). Use the moment problem to show the bijection.

Claim: H =R x (R?)2. To show this, use the moment problem.

Therefore, we get an 8-to-1 covering map

R(T?,2) N {r #0,5 #0,t #0} — {(a,b,¢) € (R*)?:a,b,c,0 are coplanar,1 =a-b+a-c+b-c}

given by

(7’+u,s+v,t+w)»—>< u, {/,HWHW>. (35)

The map is 8-to-1 because @(—1)1& = @ﬁ. For example, R(T2,2) N {r > 0,s > 0,t > 0} 2 R x (R3)?, a
homeomorphism.

To understand the codomain of this map better, we tried analyzing the fibers of the dot product map f : (R%)?2 — R
given by (a,b) — a-b. Specifically we sought a free and transitive group action that preserved each fiber. We failed
in doing so because we cannot get a free group action (i.e. one without the S roll action as found in the Hopf
fibration) that obtains all the rotational degrees of freedom, for that requires a (probably) smooth group structure
on S2, which does not exist. Moreover, we did not succeed in finding a transitive group action that preserved the
fibers because our attempt consisted of combining an SO(3) diagonal action with a multiplication action R* acts on
(R3)? via h,a,b+ (ha, +b). Combining these won’t get every fiber element because we miss those vectors which have
a larger relative angle and long enough so as to preserve the dot product.

We computed the fibers of the dot product a different way (We’re not exactly sure how this fits in with
this section, but we put it here anyway.). Fix a € R and d € R, now find all b such that f(a,b) = d. Let
a#0.Ifd=0,then b=0 OR b L a, so the solution space of b is R? (fiber). If d # 0, then b # 0 AND cos(6) # 0,
where 6 is relative angle. Then ||b|| = m with case i) d > 0 and cos(f) > 0 OR case ii) d < 0 AND cos(f) < 0.
In case i) given 6 € [0,90°) which describes orientation in a plane, 3!b in that plane with f(a,b) = d. Then we may
do a rotation about a to get all other elements in the fiber. In case 2) given 6 € (90°,180°], 3!b in a plane with that
orientation. Similarly rotate around a to get all elements in the fiber. Combining the cases, we get a disconnected
hyperbolic shape with the property that the union of the fibers over d € R is R3. If a = 0, then the fiber is () if d # 0
and R3 else. Furthermore, if a # 0 and d limits to 0, then the hyperbolic shape limits to R2.

Boundary Cases.

1. R(T%,2)N{r=0,s=0,t # 0}. This is equal to

{(4, s+v,t+w) € §?x(5%)2:1,v,w,0 are coplanar, t(i1-v) +s(-w) = 0, s> +v> = t*+w? = 1,5 # 0, # 0}.
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For each @, map this set onto {(a,b) € (R*)?:a+b L 4} 2 R? via (4,5 + v,t + w) — (¥, ¥). This is a 4-to-1
covering map with fibers homeomorphic to R?, total space R(T?,2) N {r = 0,5 = 0,t # 0}, and base space SZ.

2. R(T?%,2)N{r =0,5 =0,t # 0}. This set equal to {(@,V,t+w) € (S?)2 x S : @1, V, w, 0 are coplanar, t(i- V) =
0,2 + w? = 1,t # 0}. For each 1,V such that @1- v = 0 (We believe with this relation that @, W come from
S3), map this set onto R? via w ~ w/t (This doesn’t really make sense, but I don’t have time to re-analyze
it.) Thus we get a fiber bundle with fibers homeomorphic to R? and base space S3.

3. R(T?,2)N{r = 0,5 = 0,t = 0}. This set is {({1, v, W) € (S?)3 : &, ¥, W, 0 are coplanar}. We get that this is a
fiber bundle with fibers homeomorphic to S! and base space 5% x S2.

Some further comments on this approach.

e We briefly connected this approach to projective geometry and how it might relate to the 8-to-1 cover of
R(T?, 2)su(2) — R(T?, 2)so(3)- What are the fibers of the induced map x (T2, 2)su(2) — x (T2, 2)so3)? Is
it 4-to-17

e One may relate a-b+a-c+b- c to an energy and momentum interpretation.

3.8.2 Stereographic Projection

Similar to the approach of Section 3.8.1.
Stereographic projection (about the point (—1,0,0,0)) is the correspondence of p = (xg,x1,22,73) € S\
B . . . 1— 2 .
{(-1,0,0,0)} — u = ﬁ(wl,xg,xg) € R3. The inverse of this map is u € R3 — (HHEHQ, 1+\2|1111H2> € 83\
{(-1,0,0,0)}. We saw some similarities between this map and the map (3.8.1). Some good things about stereo-
graphic projection is that the vector part of p is in the span of the image u of p, which implies that equation 31) is

preserved. Furthermore, the square roots are removed from equation (32). Specifically, if

_ 1*||Z1||2 = 2Z1
L+ lzaf?" 14|z

_ 1-— ||Z2H2 o 2Z2
s = 2,V— 59
1+ [[zs]] 1+ [|zo|
_ 1-— HZ3H2 W — 2Z3
1+ [|z][*’ 1+ ||z |[*

t

then equation (32) is
(1= llzal*) (X = [lz2]*) (1 — [[z3]]) = (1 — |lzs||*)4z1 - 22 — (1 — [|z2]|*)d21 - 23 — (1 — [|1][*)d22 - 23 = 0. (36)

This is as far as our analysis went on this approach. Perhaps more work is to be done now that
square roots are absent.

3.8.3 Angular Substitution Attempt

Start with equation (32). Make the substitutions (invertible coordinate transformation)
r = cos(a),u = sin(a)/,,

s = cos(f), v = sin(B)I3,
£ = cos(), w = sin(1)1,

13



for o, B, € (0,7) and Iy is the vector part of the quaternion divided by sin(f). Now by enforcing the coplanarity of
I, 13,1,,0 along with finding a unique representative of each conjugacy class, we may write I, = 4,1z = cos(§)i +
sin(§)j, 1, = cos(n)i + sin(n)j with ({,n) ~ (=&, —n). Plugging everything into equation (32), we find that this
equation is equivalent to the following information:

cos(a) cos() cos(y) — cos(y) sin(a) sin(5) cos(&) — cos(3) sin(a) sin(7y) cos(n) — cos(a) sin(5) sin(y) cos(§ —n) =0 (37)

with additional data of «, 3,7 € (0,7) and (&,n) ~ (=&, —n).

This approach does not work because we are taking a representative of the conjugacy class first and then plug-
ging that into the remaining equation, which is an artificial placement on the set. We prefer to find a natural
parameterization of the equation and then get a unique representative from that.

The remaining equation is also abstruse. We also get a bunch of equivalence relations which makes it even more
difficult see what’s going on.

Q: How does this relate to spherical geometry? Is the denominator of v/1 — 22 show up in spherical
geometry?

3.8.4 Hyperbolic Trigonometry Approach

See [6] for information regarding hyperbolic trigonometry.

There is a map S® — D? = {(z,y,2) € R? : 22 + y? + 2! < 1} given by r + u — u. Apply this map to R(T?,2)
to get three points in D3 coplanar with 0. We may restrict D3 and its hyperbolic metric to that disc, which becomes
[lu—v]|
VA=[[ulR)(1—v]]?)
dy = d(u,0),d, = d(v,0),d, = d(w,0). Take equation (34), divide it by rst (r # 0,s # 0,¢ # 0), and introduce the

a Poincare 2-disc with metric d(u,v) = 2sinh™! ( >, where || - || is the Euclidean norm. Denote

. d(u,0)\ _
formula sinh ( (3 )> = \/1”_u||‘|u”2 to get
1
=(£41)(F,1) sinh (%) sinh (%) c08(0yw) + (£41) (£ 1) sinh (%) sinh (d?w) cos(Oyw) + (£41)(£w1) sinh (%) sinh (d%)) cos(Oyw)

(38)

Use the hyperbolic law of cosines cosh(c) = cosh(a) cosh(b) —sinh(a) sinh(b) cos(y) on the inner three sub-triangles
(one may check that these are well-defined) of Figure 2. Depending on what (%, £, £,) is, we can add/subtract
these three hyperbolic law of cosines in the corresponding way to get a relation independent of the inner 6 angles
(which is thus a statement about the intermediate triangle). For example, if we take (£, +,,+y) = (+,+,+) and
multiply each law of cosines by —1 and then add all of them, we get the relation (referring to Figure 2)

dy d dy du du d
1 = cosh <2> cosh <2w) + cosh <2> cosh <2) + cosh <2> cosh <2U> — cosh (d;w) — cosh (dyy) — cosh (diw) .

(39)

Some thoughts we’ve been having are as follows. We want to define a measurement of a hyperbolic triangle that
is finite even for ideal triangles. This naturally leads to area and angles. We are unsure of the connection between
equation (38) and areas/angles. Perhaps there is a better trigonometric view of this equation. The condition of
A = 1—cosh?(a) — cosh?(b) — cosh?(c) +2 cosh(a) cosh(b) cosh(c) > 0 for side lengths a,b, c to form a hyperbolic
triangle (this inequality breaks down for ideal triangles... What’s going on?) is similar to the inequality
mentioned in Section 3.5.

At this stage it is not clear how to proceed with this approach. Some drawbacks of this approach are that the
map is 8-to-1, and the map depends where the origin is. This second point means it is not truly a hyperbolic gadget
because the triangle is invariant under the Mobius transformations that fix the origin. Maybe there is a better way
to define the hyperbolic map, but if one cannot fix the 8-to-1 issue, it’s not that worthwhile. It is also not clear how
the residual axis rotation conjugation factors in nicely with the hyperbolic structure.
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Figure 2: Triangle related to certain A, B,C € R(T?,2) under the map S — D3.
3.8.5 Interesting Dot Product Formulation
SEE PAGE H30.5 for more information. Equation (32) may be written as
r V-w
rst=|s|-[u-w]. (40)
t u-v
This implies the equation
i =[(v-w)?+ (u-w)? + (u-v)? cos?(6) (41)
r? 4 52 4 12 ’

where 6 is the angle between these two abstract vectors. We do not know what to make of this construction.

3.8.6 Interesting Identity

For A=r+u,B=s+v,C=t+w ¢ S3 the information of [w-(uxv)]?=0and r? +u? =s>+v?=t>+w? =1
implies (but does not seem equivalent to) the following equation

0
1 - %M(A)m _ %trQ(B)][l _ itﬁ(B)] . itﬁ(c)][itr(A)u(B) _ %tr(AB)]
. itrQ(A)][%tr(B)tr(C) - %tr(BC)] . itrQ(B)][%tr(A)tr(C) - %tr(AC)]
+ Q[Etr(A)tr(B) - %tr(AB)][itr(A)tr(C) _ 1tr(AC)][ tr(B)tr(C) — %tr(BC)]. (42)

One receives this by expanding out [w - (u x v)]?> = 0 using vector algebra identities. We have not thought
any further about this equation, although there does seem to be similarities with equation (32).
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3.9 A Substitution

Take the equations in the set (24) and introduce the variables uy, ua, us, v1, v, v3 € R via the coordinate transformation

t1 = uy + vy, (43)
tog = up — v1, (44)
to = ug + v9, (45)
t13 = ug — va, (46)
ts = usz + vs, (47)
t19 = us — v3. (48)

Note that P(T) = Q(T) = 0 < 3(P(T) + 3Q(T)) = 3(P(T) — 1Q(T)). Using this new form and the variable
substitution, the system is equivalent to

1= u% + u% + ug — UTULUZ — UTUV3 — U VU3 — V1ULUS, (49)

1= v% + vg + v§ + VU903 + V1VU3 + V1 U2V3 + UTVV3. (50)

We get six variables and two equations which are dual.

3.9.1 A Lemma

This is relevant for the Quadratic Form approach below when we talk about eigenvalue = 0 and singular points
(disclaimer: this idea is not fully developed yet).

Lemma: Let A, B,C € S3. Then Z4N ZpN Zc D {—1,0,1} (proper subset, algebra centralizers) < A, B, C all
share the same axis or are some/all are purely real.

Our Solution. Sublemma: Z4 N S = {h € S3|h has same or 0-axis (purely real)}. This sublemma follows by
expressing A and h in angle-axis forms and then multiplying out and noting that the cross product of their
axes is zero. SUBLEMMA PROVED. By hypothesis of the main lemma, 3h € Z4 N Zp N Zc \ {-1,0,1},
which is equivalent to 3 € Z4 N S*N Zp N S3N Zc N S3\ {—1,0,1}. By sublemma, h is purely real (0 axis)
OR it has the same axis as A, B, C. h ¢ R, for then h = +1, false Thus, h has a non-degenerate axis. Now
we have a few cases

1. None of A, B,C is real. Then h has the same axis as all three, which implies that A, B, C all have the
same axis.

2. Exactly one of A, B, C' is purely real. Then h has the same axis as the two non-real quaternions.

3. At least two of A, B, C are purely real. This case is trivial since centralizer of real numbers is the whole
space.

One may apply this classification to the additional conditions within R(72,2) to get 8 equations (the dot products
simplify since the vector parts would be collinear with 0). We haven’t thought too much about this.

3.9.2 Dimensional Reduction

Provide the example calculations I did on those sheets. Notice that we are just diagonalizing and also want the
eigenvalues to be WHAT.
Motivates the quadratic form and diagonalization approach.
In equations (49) and (50), put u; = v3 = 0. They become
1 = ud + u? — viugus, (51)
1 = v} + 03 + vivaus. (52)

16



Make the substitution (valid since Vi, u;, v; € [—2, 2]

7nu=éyﬁfiiwg+u9, (53)
o= VI T o1z — ), (54)
g = SVIF (o + ), (55)
mo = VI~ us(v1 — ). (56)

Then equations (51) and (52) are equivalent to

1 =mj +nj, (57)
1 =m?2+n (58)

Lemma: If we view the u;,v; variables as coming from R(7?,2), then Vi, u;,v; € (—2,2).

Our Solution. We’ll do the example of v1, but by symmetry this argument extends to the others. We have
v1 = 3[tr(A) — tr(BC)] for some A, B,C € SU(2) by hypothesis. Write A =r+u,B=s+v,C =t+w. If
vy = 2, then tr(A) = 2 and tr(BC) = —2 so that r = 1,v = 0,st—v-w = —1. By equation (32), st—v-w = 0,
a contradiction. We get a similar contradiction if v; = —2. |

This particular example of u; = v3 = 0 generalizes. If u; = v; = 0 for ¢ # j, then the substitution is (subscripts
wrap around):

My = VI (e + uira), (59)
Ny = %\/m(uiﬂ — Uit2), (60)
my = %M(Uﬂ-l + vj12), (61)
Ny = %\/2—7%-(0]4_1 — Vjt2). (62)

If u; = v; = 0, then we get a decoupled set of circles.
We tried using blind algebraic guesses to find the 6-dimensional generalization, but these did not work. Our main
guess is that diagonalization of the quadratic form is the coordinate transformation we’re looking for.

3.9.3 Quadratic Form Approach

The dimensional reduction explorations motivate pursuing quadratic forms and diagonalization.
Write equations (49) and (50) in the following suggestive forms:

_a3 _az
2 2 2 ! 2 2 "
a a
1 = uf +uj +u3 — ajugus — aguiuz — asurug = (up ug uz) | =% 1 —% us |, (63)
_g a7 u
2 2 3
b3 by
2 2 2 b1 2 v
1= v] +v; +v3 + bivovg + bovivsg + byvivg = (1)1 V9 '1)3) 73 1 71 vy |, (64)
by b .
5 3 1 V3

where a1 = by = u1 + v1,as = v, a3 = v3, bo = ug, bg = uz. Let A be the coefficient matrix consisting of the a; above,
and let B be the coefficient matrix consisting of the b;.
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Since A, B are symmetric, by Spectral Theorem we may diagonalize each to orthogonal eigenbases in R. Let
AAl, A2, Aas and Ap1, Apa, Aps be the eigenvalues of A and B, respectively. Let va1,Vas,vas and vpi1,vpe,vps be
the corresponding eigenvectors. Let P4 be the matrix whose columns are vai,Vvas, vVas, in that order, and let Pg be
the corresponding matrix for vp;. Note tht P4 is a function of uy,v1,v9,v3, and Pp is a function of vy, w1, uo, us. If

/

/ _ -1
uy | =Py (w2 |, (65)
uh U3

with v} having an analogous definition, then equations (49) and (50) become

],::AA1U?‘+'AA2U§‘+'AA3U?, (66)
1 :ZABlv?‘+’ABQU§‘+’ABBU§. (67)

Both of these equations describe ellipsoids if and only if A4;, Ag; > 0 for all ¢ € {1,2,3}. This is equivalent to A, B
both being positive semi-definite.
Sylvester’s Criterion states that A, B are positive semidefinite if and only if the following conditions hold:

as <0, (68)

2

ap

Bt N

2 20 (69)

a2
1—--2>0, (70)

4

a2
-9y (71)

ai a2as3
L >0 72
Ly, (72)

a9 ajas
= >0 73

as a1ag
_0 >0 74
s m sy, (74

a®> a2 di ajasas
1-t-2_3_ >0 75
4 4 4 4  —7 (75)
by >0, (76)

b
1-—=2>0 77
120, (77)

b2
1-2>0 78
4 Y ( )

b2

b1 bobs
222 5 80
L2, (50)

by bibs
242 > 81
242>, (31)

bs  biby
2 _222 > 82
22>y, (52

b2 b3 b2 bibobs

1 2L _2_ 23 _ >
4 4 4 4 = 0 (83)
We have the following outlook of the situation:
x(T2,2) {(t1,t2, t3, t1a, t1g, tag) € [=2,2]% : P(T) = Q(T) = 0, extra conditions}

{(u1,uz,us,vi,va,v3) € (—2,2)6 1= u% +...,1= vf + ..., extra conditions} —— {(m,n,[,'m/,n',l/) eRG :m2 4 n2 +¢2= 1,m'2 +n/2 402 = 1}
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That is, we want to identify what the “extra conditions” are on the (u, ug,...) set in order for the departing arrow
to be a well-defined bijection. Then we hope to backtrack that to the “extra conditions” on the (¢1,...) set so that
that incoming arrow is also a surjection. I.e. we hope that the SU(2) conditions we’re missing imply that condition.
This backtracking idea is possible since we already know that the (m,n,...) set, our final destination, is supposed to
be S? x S2?, according to Boozer. Our current guess is that the non-negativity of the eigenvalues Aa;, Ap; > 0 are
these conditions on the (u,v,...) set.

Claim: The last arrow in the above diagram, the one between the u—v set and the m—n set (5% x 5?)
actually exists (well-defined map) IF we enforce A4;, \p; > 0.

Our Solution. Define the sets M1 = {(u1,u2,us,v1,v2,v3) : 1 = u% + u% + u% — UL ULUZ — UL UV — UL VUG —

2 2 2 . / / / ! ! ! -
viugug, 1 = v{+v5+0v54+0102034+01 VU3V UU3F U VU3, Vidai, Api > 0} and My = {(u], uhy, uj, v, v5, v, A1, A2, Aas, -
1= Aa1u? + Aaou + Aagu, 1= Ap1o? + Ap2vf + Ap3vi}. Define the map fo1 : M1 — My given by

3}

u2

<PA1 O > us

(75} O PB?l V1

U2 V2

us s V3
U1 A1
V2 A2
U3 AA3
AB1
AB2
AB3

This map is well-defined because A, B are symmetric so all the eigenvalues exist and A, B are diagonalizable.
Define the map foo : My — S? x S? given by

v Varu
N I N v
AA1 VB,
AA2 VAB2v)
A3 VAB3vh

The map fo.5 is well-defined precisely because A4;, Ag; > 0. Thus the composition f3 = fa90faq : M1 — S?x 52
is well-defined. [

We think we get bijection even if some A 4;, Ap; = 0, for these are singular points and we’ll work out special cases
for them.

We currently think that fs3 is a bijection under the non-negativity of eigenvalues condition set. To prove bijection,
we should not look at fs.1, fo.o separately.

Sylvester’s Criterion give inequality conditions on the w;, v; for non-negativity of eigenvalues. Perhaps there is a
simpler set of inequalities. Perhaps if the discriminants of the characteristic polynomials of the A, B matrices are
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Figure 3: Illustration of equation (49) for v; = 0.12,v3 = —0.8,v3 = 0.15. wj,u2,ug are the z-,y-, and z-axis,
respectively.

non-negative and the constant term is non-negative then the roots are real and non-negative and roots = 0 correspond
to the eigenvalue = 0 cases.

The eigenvalue = 0 are the singular points of our traceless representation variety we're guessing.

Hard part about all of this: The diagonalization and coordinate transformation depend on w1, us, us, v1, v, v3 SO
it’s non-linear.

For an ellipsoid want non-negativity. Technically, we also need it contained in [~2,2]% as a necessary condition
for trace of SU(2) matrices, but we hope these are implied from the non-negativity of eigenvalues for free.

3.9.4 Another Attempt to Enforce Closed Shape

If temporarily define F'(uy, ug, us; v, v, v3) = U%+u%+u%—U1UQ’U,3—U1UQ1)3—U11JQU3—1)1’U,2U3—1 and G(v1, v, v3; U1, Uz, ug) =
v? + 2+ U§ + v1v9v3 + V1Vous + V13UV + urvavg — 1, then equations (49) and (50) become F'(u1,ug,us, v1, v, v3) =
G(u1,ug, us,v1,v2,v3) = 0. We want there to be isolated “inner blob” shapes in the F' = 0 equation and the G = 0
equation. We believe there to be conditions on vy, ve,vs (resp. uj,usg,us) that give the “inner blob” shape for the
F =0 (resp. G = 0) equation. A necessary condition for the “inner blob” shape to be “closed” or “spheroid” is
that the normalized normal vector to the zero set F' = 0, viewing vy, vs,v3 as fixed parameters, on [—2,2]% is sur-
jective onto S? (see Figure 3). The precise question for the F' = 0 equation is do there exist conditions on vy, vs,v3
such that V8 € [0, 7], V¢ € [0, 27], Jui, ug, us € [—2,2] satisfying % = sin(6) cos(¢)i + sin(0) sin(¢)] + cos(d)k and
Yy, ug, us, ||VF|| # 0 given the conditions? We proceeded by calculating the gradient of F' and then normalizing it.
We obtained equations to satisfy, but these were too abstruse to analyze and we abandoned the method. Perhaps
there is a better way to portray surjectivity onto S2.
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3.9.5 Solve System by Symmetry

See [3] for a motivation of the approach. The action by a matrix M on equations (49) and (50) is the variable sub-
stitution (uq, us,us,v1,ve,v3) — M(u1, us,us,v1,ve,v3)t. The equations are invariant under action by the following
classes of matrices:

Type A: P ® Iy (Kronecker product I think the order here is backward that found in the Wikipedia page), where
P is any 3 x 3 permutation matrix, and I is the 2 x 2 identity matrix and type B2:

0 —1
I3®<1 0)
01
I3®<1 0>

and multiplying exactly one of the first three rows of the matrix by —1. We have not verified that these are all the
permutation symmetries of the equations.

The task would now be to identify a simple family of primary invariants for these matrices. We could not find
any families that simplified the equations (e.g. coupled symmetric polynomials in u,v). Also the square root in the
dimensional reduction had us abandon this approach. Perhaps there is some approach by “symmetrizing”
the equations and then using the elementary symmetric polynomials. We have not looked into this.

and type B1 the block matrix obtained by

3.10 Other Notes and Miscellaneous Approaches

We took brief notes on fiber bundles, principal bundles, hopf fibration, hopf coordinates.

Hopf action is probably unrelated to our conjugation action.

We still haven’t fully fleshed out Hopf coordinates approach to this problem

We tried to blindly manipulate the above equations, tried to get squares, tried to get rid of cubics, tried to separate
variables to no avail. Question from Anunoy: Can we even expect the equations to directly give S? x 52
when a lot of the time these character varieties are homeomorphic to pointy pillowcase spheres? Partial
answer: Yes, our u,v equations will have singular points, which correspond to the pillowcase points.

We tried using the conjugation to fix a representative and plug this into the equations (BAD).

Lessons from Boozer’s methods: Need to get a unique representative which give you equivalence relations. Need
to give a natural global parameterization of the restricting equations THEN enforce the representative from the
conjugacy class.

We learned about how free and transitive group actions on a space give homeomorphism. This is a nice way to
see the global structure.

We’ve been trying to fix a few variables and look at the resulting “pseudo-bundles” (not all fibers are homeomor-
phic), but it is hard to glue these together. Do these even have a name? Everything but a set of measure zero has
the same fiber?

We were also trying to look at low dimensional cross sections of the object, but these are also hard to glue together.

We tried enforcing artificial conditions on the equations that are unnatural for their structure.

3.11 Future Attempts

Keep trying to flesh out the substitution approach with eigenvalues. Check if enforcing the non-negativity of the
eigenvalues indeed gives us a bijection.

Use Hopf (z 4+ wj) coordinates. Treats the 4 components of each quaternion more symmetrically, instead of having
1 real part be the focus. It seems like interpreting a quaternion as a separate real number with a 3D vector is the
wrong approach since these quantities are too closely tied together. Try to understand how conjugation works with
Hopf coordinates
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Perhaps there is no conceptual leap we are missing. Perhaps it really just an abstruse algebra
problem.
Explore determinantal identities. We noted that equations (49) may be written as

1 (84)
1 uyp U3 1 1 Uil ug 1 Uy U
=det lu; 1 wug]|—-1- 3 det | —uq7 1 wg | +det|u; 1 wus
ug uz 1 —uy —uy 1 us uz 1
1
~3 [det(123) 4 det(—123) + det(213) + det(—213) + det(132) + det(—132) — 6], (85)

where for example the notation det(123), det(—123) means

1 Uy U2 1 —Uupr —u2
det(123) =det [v; 1 wug|,det(—123)=det [v; 1 —us
vy vy 1 vy U3 1

For example, det(132) is obtained by computing det(123) but swapping the indices on the u;, v; as 2 <+ 3. Equation
(50) may be expressed similarly.

We did not further study these determinantal identities. Perhaps there is a more succint way of expressing the
equations (maybe 4-by-4 matrices?) We have noticed a relation between the form of the matrices appearing
here and those of the proof used in Goldman’s paper, mentioned in Section 3.5 of this technical report.
Furthermore, perhaps these determinant equations these are related to the Cayley-Menger determinants, which is
related to a generalization of Heron’s formula and related to Shoelace formula of expressing area as the sum of
determinants. This also somewhat relates to using the area of a hyperbolic triangle to study our problem.
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1 Preliminaries

1.1 Markings

Definition 1.1. An edge marking of a graph (V, E) is some y € 1 (G)¥ satisfying Y(w,w) = 1 for any v € V.
A marked graph is a graph K equipped with a marking y € m;(G)¥.

Definition 1.2. The pullback of a marking y € 71(G)¥ under a graph homomorphism f : K’ — K is
(F 9@ w) = Y@, rwn)

Definition 1.3. A reduction of a marking y € 7 (G)¥ along a graph homomorphism ¢ : K — K" is some
y" € m(G)F" such that ¢*y =¥/

Proposition 1.4. Let ¢ : K — K" be a graph homomorphism, surjective on vertices and edges. Then ¢* is
injective on markings.

Proof. ¢* on markings is a restriction of the map
m(G)F L= m(G)F"

Since £ — E” is a surjection and surjections are epimorphisms in Set, ¢* is injective. O

Corollary 1.5. The reduction of a marking along a surjective graph homomorphism is unique, if it exists.

1.2 The Second Obstruction Map
Definition 1.6. Let G be a Lie group, K = (V, E) be a graph. The associated commutator map is

BK.G: GV — GE (Iq))q)EV = ([Imxw])(v,w)EE

Remark 1.7. Note that Hom(I'g, G) = u}}G(l).



Consider the following diagram
av txé ar

J’ ﬁ ///7 J’

GV /HK,G GE
where 77 is defined by x +— p, =(z) where 7 is a lift of z.

Lemma 1.8. 7i(x) is independent of choice of lift.

Proof. Let z, ¥ be distinct lifts of . Then for all v, ! = Z¢, for some ¢, € 71(G). Let e = (w, z) be an

arbitrary edge in E. Then since m (G) C Z(G),

uw,é(il)e = [‘%Lﬂflz] = [gwcwa%zcz]

~ = 1=l 11
= Ty CyL;C2Cy Ty C, T,

—1 —1
w CZCZ

= [Bu, T:) = 1, 5(@)e

= cuC [T, T

O

Lemma 1.9. @ is continuous.

Proof. Consider an evenly covered neighborhood U, so that there is a continuous section s : U — GV. Then
il is the composition pg o s, so fi|y is continuous. Since the evenly covered neighborhoods of GV cover
GV, 11 is continuous. O

Definition 1.10. Let 'k be the RAAG associated to K, G be a topological group. The obstruction map
is the continous map

ok : R(m,G) — m (G)F x — T(x)

Proof of well-definedness. Since o(x) maps to the identity in G, by exactness of 7, (G) — G — G, o(x) lifts
to an element of 71 (G). O

Lemma 1.11. Let ¢ € 7 (G). The natural map GV — GV restricts to a surjective map g : u;{lé(c) — 0 ().
Proof. Let T € pyg(c), © be the image of Z in GV Since k mapsto the identity in G, by commutativity of
the diagram g g(2) = 1 and thus 2 € Hom(T'x, G). By construction, p_ 5(Z) = fi(z) = o(z), so z € 0™ (c).

For surjectivity, any element z € o~!(c) lifts to some # € GV. Since My &(T) = o(x), we have that
zE ,u;lé(c), as desired. O

Proposition 1.12 (Naturality). Let f : K’ — K be a graph homomorphism. Then the diagram

HOID(FK, G) O*K> 7T1(G)E

if* lf*
Hom(FK/,G) % 7T1(G)E,
commutes; i.e.
frok(x) = ok (f*x)
Proof. Let (v',w') € E’. Then

(f oK (2)) (v ) = 0K (%) (£(0), F (7))
= [zr), Tp(w)]
= [(f*x)vU (f*x)w’]

=o' (f*r)



Corollary 1.13 (Functoriality of 0). Let y € m(G)®  be a marking. Then the map f* : Hom(I'x, G) —
Hom(T'g, G) restricts to a map f* : o' (y) = opr (f*y).

2 SU(n) and U(n)-representations

Notation. Let E) 4 denote the A—eigenspace of A.
Lemma 2.1. Let A, B € GL,,(k) with A diagonalizable. Then [A, B] = =I iff
B(Ex.4) = E.xa

for all eigenvalues A of A.

Notation. Define
Ca(B,z) :={A|[A,B] =z}

We consider Lie groups satisfying the following property.

Property A Let S C G be a finite set. Then the inclusion Z(G) — Cg(S) induces a surjection on .

Lemma 2.2. Let A € Cg(B) with A diagonalizable, and suppose for any eigenvalue A of A, I\ with
ExaCEy a

Then A’ € Cq(B).

Proof. Let {\;,} denote the eigenvalues of A with Ey, 4 C Ex, ar, so that Ex; 4 2 D E», 4. But

DD 1=V =D
[ k [

FTSOC suppose Ey; ar 2 &P Ej, ,a- Then the dimension of the left side is less than the dimension of the
right side, contradiction. So Ey; 4 = @E)\WA, and thus B(EAQ’A/) = Ex A O

Lemma 2.3. SU(n) and U(n) satisfy property A.

Proof. Let A € Cg(S). Then for some unitary P, A = Pdiag{\1,..., A1, ..., \,}P~1 where \; appears e;
times. For r =1, A= M1 € Z(G), so suppose r > 1. Define

. {(Sl)r G =Un)
T A € (SHTTIAS =1} G =SU(n)

Note that Z is connected.
Counsider a path v : [0,1] = Z from (A1,..., ;) to (1,...,1). Then consider the path

A(t) = Pdiag{y(t)1 : e1,...,y(t), : e, } P!
By the previous lemma, A(t) € Cq(S) and A(1) € Z(G), as desired. O

Theorem 2.4. Let G be a connected Lie group satisfying property A. Then Hom(I'k, G) is connected.

Proof. WLOG suppose V = {1,...,n}. Let 2 = (z;);cv € Hom(T'k,G). We show inductively that x has a
path to some y € Z(G)" x G .

Suppose (;) has a path to some (y;) € Z(G)"~! x G"~ "1, Let S, denote the set of vertices adjacent to
r. Let v :[0,1] = Cq(S;) be a path from y, to an element z,. € Z(G). Define

n(t) = (yla X3 y’r‘7177(t)7y1”+17 7yn)

Note that 7(t) € Hom(I'k, G) since y(t) commutes with y; for any j € S,. Thus 7 is a path from y to an
element of Z(G)" x G™~", as desired. Thus by induction, = has a path to some y € Z(G)™.

Let 21 = y. Let 7; : 2; ~ z;41 be a path that sends the ith component to 1 and fixes the other
components. Since all other components are in Z(G), the ith component commutes with the components of
adjacent vertices, so v;(t) € Hom(I'k, G). Thus the composition of the «;s is a path from y to (1,...,1). O



3 SO(3)-representations

Let G = SO(3), so that m (G) = {£1} C S3.

Lemma 3.1. Let a,b € S®. Then [a,b] = —1iff a,b € S? and a L b.
Lemma 3.2. Let a,b € S C S3. Then [a,b] = 1 iff a = £b.

Proposition 3.3. Let (K,y) be a marked graph, and let (v, w) be a 1-marked edge whose endpoints have
—1-marked edges. Let K" := K/{v,w} and q: K — K" denote the quotient map. Then
a. If y has a reduction y”, then 3" is unique and

q ogn(y') = ok (v)

is a homeomorphism.
b. Otherwise, o5 (y) is empty.

Proof. (a): Since q is surjective on vertices, injectivity of ¢* is immediate. For surjectivity, let x € 0;{1 (y).
Since v and w have —1-marked edges, T, %, € S?. Then [T,,7,] =1 = T, = +T, = T, = Typ. S0
the lift x’q’(v) = 1z, is well-defined. Any continuous bijection between compact spaces is a homeomorphism,
S0 ¢* is a homeomorphism.

(b): Since no reduction exists, 3d,e € E such that ¢(d) = g¢(e) but ye # yq. WLOG let d = (v, 2)
and e = (w,z). FTSOC suppose Jx € o~ '(y). Then 7, = £, 50 [Ty, T,] = [Tw,T,] # [Tv,T.], a
contradiction. O

Proposition 3.4. Let (K,y) be a marked graph, and let v € K such that for all w € Ny, y(yw) = 1. Then
Let K/ = K \ {v}, i: K’ — K denote the inclusion. Then

-3

o (y) = ok (1Y)
induces a bijection on 7.

Proof. Since i* is surjective and proper, it suffices to show that the fibers are connected. Let x € ok (y). By

lemma 2.3, there is a path v : z, ~» 1 within the image of (¢, Cs3(Zw). So the path n which is v on

the vth component and fixes all other components is in ok (y). So 1 : & ~ (2 = Ty, 2, = 1), so the fiber is
connected. 0O

Proposition 3.5. Let (K,y) be a marked graph satisfying

a. all edges are marked with -1

b. there is a sequence vy, ..., v, € V such that N, N{vy,...,v;_1} has cardinality < 2 for all
Then o' (y) is connected.

Proof. By induction on |V|. Pick vy € V, and let K/ = K \ {v,}. By induction, K’ satisfies (b). Consider
the surjection
. OK(—l) — OK/(—l)

The fiber is
(")) = {xn, | [Tn, 7] = —1 for alli € N, } = 7r( ﬂ Ca(z;, —1))
iEN,

where  is the projection $* — SO(3). But |N,| < 2 and Ca(Z;, —1) is a circle in 52, so ;¢ Ca(%3,—1)
is

o S3if |N,| =0
o STif|N,|=1



e S! or two antipodal points if |N,,| = 2

In all cases, the image in SO(3) is connected, so the fiber (i*)~!(z) is connected. Thus i* is a proper map
with connected fibers and base, so the domain is connected. O]

Theorem 3.6. Let K be a disjoint union of cycles, trees, and complete graphs. Then the map
o0 : mo(Hom(I'k,SO(3))) — Z%

is injective.
Proof. Consider a marking y. We claim that o~!(y) is connected. By propositions 3.3 and 3.4, we can reduce
to the case where y = (—1),ecv and K’ is a full subgraph or quotient graph of K. But any quotient or full
subgraph of a complete graph is a complete graph, and any quotient or full subgraph of a cycle or tree is a
disjoint union of cycles and trees.

Since oi_{iuKZ((yl, y2)) = 0;(1 (y1) 0;{2 (y2), it suffices to suppose K’ is connected. For cycles and trees,

proposition 3.5 implies that o~!(y) is connected. For complete graphs, if |[V| > 4 then o~!(y) is empty,
otherwise by proposition 3.5 it is connected. O

Remark 3.7. o is not injective for all graphs. For example, consider the marked graph (M, y)

Suppose (a1, az,as, by, bz, b3) € 0~ 1(y). Then either

a. as = by;. Then ag # as = by, so since a1 and b3 are both perpendicular to both a3 and by, b3 = a;. By
the same logic, by = as.

b. as 75 bl. Then ayp = bg, [ bg, and b3 = aj.

So the fiber 071(y) has two components: one with (by,b2,b3) = (az,as,a;) and one with (by,bs,b3) =
(as,a1,az2). A similar construction yields marked graphs with 3-component and 2"-component fibers.

Theorem 3.8. Let K be a disjoint union of cycles and trees. Then the map
o: Hom(T'k,SO(3)) — Z%
is surjective. Conversely, if o is surjective, then every non-cyclic component of K contains no 3-cycles.

Proof. Since 0;(1]_[[(2((3117 Y2)) = 0;& (y1) x ol}i (y2), WLOG suppose K is connected.

Suppose K is a cycle or tree. We claim that o~ !(y) is nonempty. By proposition 3.3 and 3.4, we can
reduce to y = (—1),ev. By proposition 3.5, 0=!(y) is nonempty.

Conversely, suppose K is not a cycle, but contains a 3-cycle. Then K contains a subgraph of the form



Consider the marking y" given by

[ ]
-1

A

1 1

o1

Then o~1(y’) is empty. Now pick a reduction y of the marking y'. Since there is a map oy (y') —
0~ 1(y), o71(y') is empty. O

4 SO(4)-representations

Let G = SO(4) so that m;(G) = {£1} C S x S3. Let p denote the universal covering S% x S — SO(4). For
an element 7 € S% x S3, (Z); denotes the first component and (Z), denotes the second component.

Definition 4.1. Construct an involution map o :S0(4) — SO(4) as follows: for x € SO(4), pick a
lift (y,2) € S3 x S3. Then
o(x) = p(y, —2)

Proof of well-definedness. Let (y,z) and (v, 2’) be distinct lifts, so that (y',2’) = (—y, —2). Then

p(y,—2) =p(—y,2) = p(y’, =)
as desired. O
Lemma 4.2. Let z,z € SO(4). Then

a 1,7 =1 < [o(x),2] =1

b. [7,2] = -1 <= [o(x),z] = —1
Proof. Suffices to show that for z, z € S3,
[:U,Z} = [—CU,Z}
But —1 € Z($3). O

Proposition 4.3. Let (K,y) be a marked graph, and let (v, w) be a 1-marked edge whose endpoints have
-1-marked edges. Let K" = K/{v,w} and ¢ : K — K" denote the quotient map. Then

a. If y has a reduction y”, then
o (y) = 0 (y) og (y)

where one component is the image of ¢* and the other component is the image of o, o ¢* where o, is
o on the vth component and the identity on other components.

b. Otherwise, 01}1 (y) is empty.



Proof. For (a), let z € ox' (y). Pick lifts 2, = (ay,by,) and Ty, = (@y, by). Since v and w are adjacent to —1-
marked edges, @y, by, Gy, by, anticommute with some other element, so are in S2. Thus [a,, @] = [by, bw] = 1,
so a, = ka,, and b, = lb,, for k,l € 1. We can choose a lift such that £ = 1, so the cases are [ =1, —1.

Let 2" € ol_(},(y) be given by (z")qw) = 2 for u # v,w, and (2") gy = . If I = 1, then x = ¢*2";
otherwise, = o, (¢*z""), as desired. So im ¢* and im g,,0¢* cover the 0;{1 (y). Conversely, im ¢* and im o,,0¢*
are disjoint since points in the former have k = [ and points in the latter have k # [.

Since ¢ is a proper injection, ¢ is a topological embedding, and since im ¢* and imo,, o ¢* are disjoint
closed sets, the homeomorphism holds.

For (b), since no reduction exists, 3d,e € E such that ¢(d) = g(e) but yg # y.. WLOG let d = (v, 2)
and e = (w,z). FTSOC suppose 3z € ox' (y). Then 7, = (+1,£1)zy, 50 [Ty, T2] = [T, T2] # [T, T2], 2
contradiction. O

Proposition 4.4. Let (K,y) be a marked graph, and let v € K be a vertex such that all neighboring
edges are l-marked. Let K/ = K \ {v}, let i : K’ — K denote the inclusion. Suppose in every connected

component of oy (i*y), 3z’ such that [(2],)1, (z],)1] = 1 for all w,u € N,.. Then

T

. -1 —1/:%
i* o (y) = o (i7y)
is surjective and induces a bijection on 7.

Proof. Let o' € o (i*y). Note that any element of (i*)~!(x) can be identified by the vth component. So
(i*) 1 (z) 2 {2 € SO4) | [£, 7] = 1 for all w € N, }

But that’s just the image of [,y Cs3xg3(Tw)2.

If for some j = 1,2 we have [(z/,);, (},);] = 1 for all w,u € N,, then all ;’; lie a common great circle

passing through 1. WLOG let j =1, s0 [, cn, Cssxs3(Tw) is 53 x D or S' x D, where D = 83,51, 5% In
any of these cases, the image in SO(4)" is connected. Conversely, if for all j = 1,2, there exists w,u € N,
with [(2],);, (¢/,);] # 1, then
() Csoxsa(@n) =58 x S°
wWEN,

whose image is {p(1,1),p(1,—1)}, a discrete set with 2 points. Let U denote this set of zs.
It suffices to show for a connected component C' that (i*)~!(C) is connected. Consider Ug := U N C,
and let Z¢o := C ~\ U. By assumption, Z¢ is nonempty. Let

Ac ={z|i"(z) e C and =, = (1,1)}
Be={z|i*(z) e C and =, = (1,-1)}
and note that A¢, Bo & C. Furthermore, note that Us C Ac U Bg, and Ag and B both intersect Z¢.
Since i* : Zo — Z has connected fibers, it induces a bijection on 7y, so every connected component of

Zc intersects Ac and Be. So Zo U Ac is connected, and thus Z¢ U Ac U B, = Zc U U = (i*)71(C) is
connected. O

Lemma 4.5. Let K be a tree, v be a vertex of K. Then K’ := K ~ {v} is a disjoint union of trees, and N,
contains at most one vertex from each component of K’.

Lemma 4.6. Let (Kj;,y;) be a marked tree, (K,y) = [[(K;,y;). Let N C V contain at most one vertex
from each component of K. Then in every connected component of ogl(y), Jx such that Vu,w € N,

[(Zw)1, (Tu)1] = 1.

Proof. First, suppose K has no vertex whose neighboring edges are all 1-marked. Note
ox! () = [ [ okl (vs)

Let = (21, ...,2,) € 0 (y), where x; denotes the component in 02 (yi)-



Suppose Jv; € N N V;. By assumption, v; is unique. Let z; = (v;). Since the conjugation action of S3
-1
acts transitively on R71(R(2;)) = S?%, 3g € S3 such that gz~ € S' C C. Let a; = (g,1)z4(g,1) . If

Av; € NNV, let a; = z;. Now let

a=(ay,..,a)

By construction, for any v € N, (a,); € S* C C, so all (a,); commute. Furthermore, since S is connected
and conjugation is continuous, there is a path from x; to a; within o}é(yi), so there is a path from z to a
within o' (y).

Now suppose K has m vertices whose neighboring edges are all 1-marked. Let v be one such ver-
tex. By induction on m, K’ := K ~ {v} has the property that in every component C of og}(i*y),
FzcVu, v[(Tw)1, (Xn)1] = 1.

e First suppose v € N. By the previous proposition, the map i* : 01}1 (y) — 0;{} (i*y) is surjective and
induces an isomorphism on 7, so for every path component C, lift z¢ along i*, so that z¢ satisfies
the desired property for (i*)~(C).

e Now suppose v € N. By the previous proposition, the map * : 0[}1 (y) — 0[_(} (i*y) is surjective and
induces an isomorphism on g, so for every path component C, lift x := z¢ along ¢*. Furthermore, by
proposition 2. , there is a path from (z;); — £1 := a, within the centralizers of Z,en,. Thus
there is a path from z to a where

_Ja, w=vw
w = Ty WHV

and a satisfies the desired property.
O

Lemma 4.7. Let (K,y) be a marked line with at least two —1-marked edges, and let N be the endpoints
of K. Then in every connected component of o' (y), 3= such that [(%,)1, (¥)1] = 1 for any v,w € N.

Proof. WLOG label V = {1,...,n}, where (i,i + 1) € E, so that N = {1,n}. Let x € of(l(y), let C' denote
the connected component of x.

Consider the equivalence relation v ~ v+ 1 iff (v,v + 1) is 1-marked, and let W = V/~. By assumption,
there are at least 3 equivalence classes in W. W has a natural ordering by [v] < [w] <= v < w. For a class
[v], let p[v] denote the predecessor of [v] under that ordering. Define a map

oW —={i,j,k}
by
i [v] =[1],[n]
o([v]) =47 [v] # 1], [n] and ¢(p[v]) # j
k [v] # [1], [n] and ¢(p[v]) = j

Note that ¢(p[v]) L ¢([v]). -
Now we inductively construct a sequence a” € C such that (a?); € (1,¢([v])) for all v < r. First, let

g € S? such that g(77)197 € (1,i). Let 7 : 1~ g in S3, and define

n(t) =p(y(t),1) -z p(y(t), 1)

Since conjugation preserves commutators equal to +1, n(t) € ox' (y), and thus n(t) € C. Let a* = n(1).
For r > 1, the construction is as follows:

. Suppose (r —1,7) is 1-marked, and (a;. ) ¢ Z(S%). Then since [(a’~})1, (ar~')1] = 1, we have that
(ar Dy e 1,0(r)) = (1,6(r —1)). Solet a” := a"" .




e Suppose (r,r — 1) is I-marked, and (a;~*); € Z(S®). Note 3g € S* with g(a,)1g™" € (1,6(r)), and let
~ : 1 ~» g. Now consider the path

a;’l v<r
e = {pw(t), Dar pa0,1)7 v

Since conjugation preserves commutators equal to +1, ox (n(t)) agrees with y on all edges other than
(r—1,7). For (r—1,r), since (a;~1)1 = (n(t))1 € Z(G), [(n(t)r—1)1, (n(t):)1] = 1, s0 (t) € o' (y). So
let a" :=n(1).

e Suppose (r,r — 1) is -1-marked. Note that (al"1); = ¢(r — 1) L (a7 )1, ¢(r). Let SO(2). denote
the subgroup of rotations in SO(3) that fix z := (a’"7);. By transitivity of SO(2), ~ %Nz,

Jg € SO(2)., such that g((ar')1) = ¢(r). Since SO(2). is connected, there is a path 7 : 1 ~» g within
SO(2). C SO(3), lifting to a path 5 : 1 ~» g within S3 for some lift g.

Let 7 : [0,1] — C be a path by

ar—! v
o= {pmt), a0, ) ez

Note that o (n(t)) agrees with y on all edges other than (r — 1,7). For (r — 1,7), since ¥(t) fixes z*,

(n(t)r)1 L 2, 50 [z = (0(t)r—1)1, (n(t)p)1] = —1, s0 1(t) € o' (y). Let a” := n(1).
Now (a?)1, (a?); € (1,i) and thus commute, so a™ is the desired z. O
Proposition 4.8. Let (K,y) be a marked tree with y = —1 on all edges. Then ogl(y) is connected.

Proof. By induction on |V|]. Let K’ = K ~ {v} for some leaf v. Let w be the unique vertex connected to v.

Consider the map

i* ot (y) = 0jr ()
By induction, the base is connected, so since i* is proper it suffices to show that the fibers of i* are nonempty
and connected. But the fiber (i*)~!(2’) can be identified with

{z €SO() | [Z,2],) = —1} = p(Csay 53 (2], —1))

But Csaygs(al, —1) = Cga((2],)1,—1) x Cga((2/,)2, —1) which is a product of S and $3ss and thus con-
nected. O

Theorem 4.9. Let (K, y) be a disjoint union of marked trees. Let m denote the number of 1-marked edges
whose endpoints have —1-marked edges. Then 0;(1 (y) has 2™ connected components.

Proof. By proposition 4.3, it suffices to show that if m = 0 then 0;{1 (y) is connected. Let r denote the
number of vertices whose edges are all 1-marked. We proceed by induction on r. The base case r = 0 is
proposition 4.8. Let v be one such vertex, let K/ = K \ {v}, ¥/ = i*y where ¢ : K/ — K. By inductive
hypothesis, ol_(}(y’ ) is connected. Note that K’ is a disjoint union of trees, and N, contains at most one
vertex from each component. By lemma 4.6 and proposition 4.4, 01}1 (y) — 0;{} (y') induces a bijection on

connected components, so 0;1 (y) is connected. O

5 PSL(2,C)-representations

Let w, denote a primitive nth root of unity.

Lemma 5.1. Cgp(,,,c)(B,wp) is connected or empty.



Proof. Let A € Csy,(n,c)(B,w). By lemma,
A = P'diag{)\,...,w" 1A} P!

with A" =[], w’ = (=1)"*. Thus X is an nth root of unity or odd 2nth root of unity, so A has the form

Pdiag{l,...,w" 1} P~ or Pdiag{wan,...,w2, - w1} P! with Bp; € (p;1). Let D = diag{wan, ..., wan -
w1} or diag{1,...,w" 1}. Conversely, any matrix of the above form is in Csr(n,c)(B,w). So
CsLn,c)(B,w) = {PDP~" | Bp; € (pit1) fori=1,...,n}
Consider the map

¢ : ker(B U ker(B ) = Cst(nc)(B,w) v P,DP;!
where P, = [v Bv .. B”flv]. Since v, Bv, ..., B" 1y are distinct, P, is invertible, so the map is well-
defined. For surjectivity, any PDP~! ¢ CsL(n,0) ( w) has pg, Bpo, ..., B" " pg distinct, so pg € (B™ —I) ~
U ker(B™ — I) and ¢(py) = PDP~". O

Lemma 5.2. Let n be odd (resp. even). Then Cgy,,,c)(B,wy) is nonempty iff the eigenvalues of B are
1w, ..,w™ 1 (vesp. wap, ..., wonwl™1).

Proof. Suppose 3A € Csp,(n,c)(B,wn), then [A, B] =w = [B, A] =w™'. So by lemma we have A(E) 5) =
E,-1) p so B has eigenvalues \, \w, ..., \w" . But H?:_Ol Aw? = A" = (=1)"*! 50 ) is an nth root of unity
(resp. odd 2nth root of unity).

For the backwards direction, let v; € E,;; p have norm 1. Then construct

A=PFpP!
where P = [vg ... wn—1] and F has 1s in the (4,7 + 1)th entries and (—=1)""! in the (n,1)th entry. Then
det A =1 and A(v;) = £v;41, so by lemma [A, B] = w. O

Lemma 5.3. The image of the space of matrices in Csy,(n,c)(B) with eigenvalues 1, ..., w1 for n odd, or
Wany -y Wapw! ! for n even, has at most (n — 1)! components. If B is diagonalizable, then it has exactly
(n— 1) components.

Proof. The space of n distinct 1-dimensional subspaces fixed by B is the space of subspaces contained in
eigenspaces of B. O

Theorem 5.4. Let 'k be the RAAG associated to a tree. Then the map
03 : Hom(T'k, PSL(2,C)) — Z7,

is injective on connected components.

Proof. O
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