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SUMMARY  

 

Exchange traded futures contracts often are not written on the specific asset that is a 

source of risk to a firm.  The firm may attempt to manage this risk using futures contracts 

written on a related asset.  This cross-hedge exposes the firm to a new risk, the spread 

between the asset underlying the futures contract and the asset that the firm wants to 

hedge.  Using the specific case of the airline industry as motivation, we derive the 

minimum variance cross-hedge assuming a two-factor diffusion model for the underlying 

asset and a stochastic, mean-reverting spread.  The result is a time varying hedge ratio 

that can be applied to any hedging horizon. We also consider the effect of jumps in the 

underlying asset.  We use simulations and empirical tests of crude oil, jet fuel cross-

hedges to demonstrate the hedging effectiveness of the model.   
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M INIMUM VARIANCE CROSS-HEDGING UNDER MEAN REVERTING SPREADS, 

STOCHASTIC  CONVENIENCE YIELDS A ND JUMPS:  APPLICATION TO THE AIRLINE 

INDUSTRY  

1. INTRODUCTION  

Consider a value-maximizing firm with fixed quantity exposure to the spot price 

of a particular asset on a specific future date.  If two conditions are met this exposure may 

be completely eliminated by taking an offsetting position in a futures contract.  First, a 

futures contract must exist for the specific asset that is the source of the exposure.  

Second, the expiration of the futures contract must coincide with the cash flow resulting 

from the original exposure.  Since futures contracts must be standardized and are only 

written on a limited number of assets these conditions are often not met.  If an 

appropriate futures contract does not exist and OTC forward contracts are too expensive, 

the firm may choose to hedge using futures contracts written on different assets or remain 

unhedged.  

The focus of this paper is to investigate how a value maximizing firm can better 

manage risks that cannot be directly hedged. To this goal, we derive and implement a 

two-factor jump diffusion model to permit random price changes to occur in a dual 

commodity market. The advantage of incorporating a temporal expression for a linked 

commodity market is that the model is then rich enough to capture salient time-series 

characteristics (i.e., stochastic convenience yields, jumps, and spreads) from both markets 

that are key factors in hedging. Moreover, the model provides a methodology for 

estimating and implementing a time varying hedge ratio that can be applied to any 

hedging horizon and that eliminates, on an out-of-sample basis, more risk than traditional 

hedging methods. 
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A firm should hedge only if doing so increases firm value.  Bessembinder (1991), 

DeMarzo and Duffie (1991), Smith and Shultz (1985), and Froot, Scharfstein and Stein 

(1993) among others provide theoretical justifications for hedging.  Allayannis and 

Weston (2001) provide empirical evidence of a positive relation between the use of 

derivatives and firm value.  They find a statistically and economically significant hedging 

premium for firms with exposure to exchange rates.  For the particular case of airlines, 

Carter, Rogers and Simkins (2006) find a positive relation between jet fuel hedging and 

firm value.  Their results indicate that the hedging premium may be as high as 10%.   

The airline industry provides motivation for our analysis but our results may be 

applied to any firm with similar exposures.  Carter, Rogers and Simkins (2006) find that 

airlines manage risks related to changes in interest rates, foreign currency prices and jet 

fuel prices.  For the firms in their sample jet fuel costs averaged 13.6% of operating 

expenses and arguably pose greater risk than interest rates or foreign currencies.  While 

some airlines remain unhedged others hedged up to 80% of the next yearôs fuel 

consumption.   Since the market for jet fuel is not sufficiently liquid to support futures 

contracts, airlines often hedge jet fuel using crude oil futures or heating oil futures.  This 

hedge ratio must account for the difference between the expiration of the futures contract 

and the time of the purchase of the jet fuel as well as the difference between the spot 

price of jet fuel and the payoff of the futures contract.  The difference between the spot 

price of an asset and the price of a futures contract written on that asset is often referred 

to as the basis.  To avoid confusion we refer to the difference between the spot price of an 

asset and the price of a futures contract written on a different asset as the spread. 
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Ederington (1979) examined the problem of minimum variance hedging when the 

firmôs time horizon did not match the maturity of the futures contract. He concluded that 

the optimal hedge ratio was the coefficient from an OLS regression of the change in the 

spot price on the change in the futures price. Wilson (1989) expanded the regression 

approach of Ederington to hedge spot positions in sunflowers. Since there is no futures 

market for sunflowers, changes in the spot price of sunflowers were regressed on changes 

in the futures price of soybeans or soybean oil. Hull (2006) described this procedure as 

the appropriate method for finding the minimum variance hedge ratio for a cross hedge. 

Castelino, Francis and Wolf (1991) disaggregate the regression-based hedge ratio in order 

to adjust for three dimensions of risk: the relationship of the price of the asset being 

hedged to the price of the asset underlying the futures contract, the convergence of the 

spot price of the underlying to the futures price, and the time horizon of the hedge.  

Sercu and Wu (2000) recognize the limitations of regression-based hedge ratios. 

They propose price-based hedge ratios which consistently outperform the regression-

based hedge ratios. These price-based hedge ratios use current market data to forecast the 

spread between the spot price of the asset to be hedged and the futures contract. 

To extend the existing research, we theoretically develop and empirically show 

how a firm may better reduce its risk exposure when futures contracts on the source of 

exposure do not exist.  In particular, two minimum variance hedges are derived where 

both models assume commodity prices follow a two-factor model that allows for 

stochastic, mean-reverting convenience yield and a mean reverting spread.  The second 

model extends the first model by allowing for jumps.  Simulations and empirical results 

show that dynamic hedging models systematically outperform other hedging strategies, 
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especially over longer hedging horizons. This is important for the airline industry, where 

firms have been observed to have hedge maturities of up to six years. 

The paper is organized as follows. Section 2 presents the problem faced by a 

hypothetical firm and develops the optimal hedging policy. Section 3 uses simulated data 

and Section 4 uses empirical data on crude oil futures and spot jet fuel to compare 

hedging models. Section 5 concludes. 

2.  DERIVATION OF THE HEDGING MODEL  

Consider a value-maximizing firm committed to buy (sell) a fixed amount, m, of 

an asset in future period-t at the prevailing market price. The firm may remain unhedged 

and thus exposed to changes in the spot price of the asset. Alternatively, the firm may 

wish to eliminate all or part of this exposure through futures contracts. If futures contracts 

are not available for the asset to be hedged the firm must choose an alternative hedging 

vehicle.  The resulting cash flow is  

00 FhmJV tt
. (1) 

where m is the number of units of the spot to be exchanged at time t, 
tJ  is the spot price 

of the hedged asset at time t, 
0h  is the number futures contracts entered today and 

TTt FFF ,0,0 . TF ,0  is the current price of a futures contract written on a different asset 

and maturing at time-T and 
TtF ,

 is its price at time-t.  

We consider the particular case of a firm that chooses to hedge spot jet fuel with 

crude oil futures.  We derive the minimum variance hedge ratio under a two-factor model 

with stochastic convenience yield and then examine the model with the addition of a 

jump process.  In both cases we assume that the relationship between spot jet fuel and 

spot crude oil is given by: 
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tb

tt eSJ ,  (2) 

where Jt is the spot price of jet fuel at time t, St is the spot price of crude oil at time t, and 

bt is the (log) spread. The spread is assumed to follow the diffusion 

)(tdZdtbdb bbtbbt
, (3) 

where 
b
 is the speed adjustment parameter, 

b
 is the average long run spread, 

b
 is the 

instantaneous volatility of the spread, and  )(tdZb
is the increment to a standard Wiener 

process.  Figure 1 shows the spread between the natural log of spot jet fuel and the 

natural log of spot crude oil. 

 The two-factor model of Gibson and Schwartz (1990), Schwartz (1997), Hilliard 

and Reis (1998) and others assumes stochastic and mean-reverting convenience yield. 

The spot price and convenience yield are assumed to follow the joint diffusion processes: 

 )()( tdZSdtSdS ststtt
, (4) 

 

 )(tdZdtd tt
, (5) 

where  is the convenience yield, ɛ is the instantaneous drift in the underlying net of 

convenience yield, r is the short term risk-free rate, 
s
 is the market price of risk for the 

underlying asset, 
s
 is the instantaneous volatility of the underlying asset,  is the 

speed adjustment parameter,  is the average long run convenience yield,  is the 

instantaneous volatility of the convenience yield processes,  )(tdZs
and  )(tdZ are 

increments to a standard Wiener process, and 
s

 is the correlation coefficient between 

the two processes. 
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The futures price using the two-factor model is 

 0)(
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When a jump term is added to equation (4) the joint diffusion processes are: 

 ( ) ( ) ( )t t g g t s t s tdS S dt S dZ t GS dq t, (9) 

 

 )(tdZdtd tt
,     (10) 

where q  is the independent Poisson process, 1YG  is the random percentage jump 

conditional upon a Poisson distributed event occurring, GEg

*
, and 

dtdq g)1Pr( .  The pricing relation in equation (6) is unchanged.
1
   

2.1 The General Hedging Solution 

 We assume that the firm wishes to minimize the variance of cash flows. The 

conditional variance of the portfolioôs cash flow given information at time 0 is: 

 ttt JFmCovhFVarhJVarmVVar ,2)( 000

2

0

2
. (11) 

The minimizing hedge ratio is 

 

 TttTt FVarJFmCovh ,,

*

0 /, . (12) 

 

Substituting equations (2) and (6) into equation (12) gives 

 

                                                 
1
 See Hilliard and Reis (1998, 1999). 
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2.2 Hedging solution under the Stochastic Convenience Yield model 

 The general solution for the minimum variance hedge ratio for the two-factor 

model is  

 

2 2
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where 

( )

0( )

t and y .

t
t dZ sbb

t bH T t e

t t tx S e S e  Mean, variance and covariance components 

are given in Appendix A.   

 

2.3 Hedging solution with jumps 

 The two-factor model with jumps can be written 
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j
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where y0 = 0 and ln(1+yj)~N(  - 0.5
2
, 

2
) for j = 1,2 é . The k jumps in the interval [0,t] 

follow a Poisson distribution with arrival intensity .  This process gives a hedge ratio  
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See Appendix B for details. 

2.3 Discussion   
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 The hedge ratio in equation (16) depends on 15 parameters, the current level of 

convenience yield, the current spread and the hedging horizon. When the underlying asset 

follows a jump diffusion, the term 
25.0te  appears in both the numerator and 

denominator of the minimum variance hedge.  The effect of this ójump termô is dependent 

on the relative values of ůx
2
 and ůxy.  For ůxy greater (less) than ůx

2
, larger values of the 

jump parameters decrease (increase) the hedge ratio.  The relative values of ůx
2
 and ůxy 

depend, in part, on the hedging horizon.  Hence, there is no clear rule concerning the 

directional effect of the addition of the jump component.  However, for what would 

commonly be considered reasonable parameter estimates the magnitude of the effect is 

small.  The simulation results in the following section add empirical content to this 

observation.   

 The hedge ratio is unaffected by jumps when
2

xy x .  A sufficient condition for 

this result is that convenience yield and the spread are uncorrelated (bŭ = 0) and tŸT.  

Even if jumps have a significant influence on the underlying spot price, adjusting the 

hedge ratio does not result in an improvement in hedging effectiveness if the correlation 

of the spread and convenience yield is sufficiently close to zero and the hedging horizon 

is sufficiently close to the maturity of the futures contract.   

 We consider some special cases in order to simplify implementation and to 

provide further insights.  The conditions bŭ = 0 and tŸT give a special case of the hedge 

ratio that can be written  

   
22

0exp 0.5 1 / 2 1 /b b bt t t

b b b b b s sb bh m b e e e .   (17) 


